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SUMMARY
T his th e s i s  c o n s is ts  o f  two la r g e ly  in d ep en d en t 
p a r t s .
P a r t  I  i s  ag a in  d iv id e d  in to  s u b -d iv is io n  A and 
s u b -d iv is io n  B. In  s u b -d iv is io n  A th e  problem  o f s o l i t a r y  
waves ■under th e  in f lu e n c e  o f  g r a v i ty  and s u r fa c e  te n s io n  
h as  been c o n s id e re d . I t  has been  shown t h a t  in  th e  
p re se n ce  o f  s u r fa c e  te n s io n  s u p e r - c r i t i c a l  flow  o f  th e  
f l u i d  co rresp o n d s to  waves o f  e le v a t io n  o n ly , w hereas 
s u b - c r i t i c a l  flow  co rresp o n d s to  waves o f  d e p re s s io n  o n ly . 
The e q u a tio n  o f  th e  f r e e  s u r fa c e  and th e  e x p re s s io n s  f o r  
th e  v e lo c i ty  components o f  th e  f l u i d  p a r t i c l e s  have been  
d e r iv e d  in  each c a s e . S u b -d iv is io n  B i s  a  d is c u s s io n  o f  
th e  e f f e c t s  o f  s u r fa c e  te n s io n  on an advancing  s o l i t a r y  
wave o f  f i n i t e  s te e p n e s s .  I t  has been  found t h a t  as  in  
th e  case  o f  p e r io d ic  waves an advancing  g r a v i t a t io n a l  
s o l i t a r y  wave a ls o  p roduces a t r a i n  o f  s h o r t  c a p i l l a r y  
waves on i t s  fo rw ard  f a c e .
In  p a r t  I I  we have so lv ed  th e  problem  o f c a p i l l a r y -  
g r a v i ty  waves on a  s lo p in g  b e a c h . Two d i f f e r e n t  c l a s s e s  
o f  s o lu t io n s  have been  o b ta in e d  by s l i g h t l y  d i f f e r e n t  
m ethods. The f i r s t  method which i s  a p p l ic a b le  f o r  a l l
7Cv a lu e s  o f  th e  s lo p e  a n g le s  a  <C ^  g iv e s  r i s e  to  a  c l a s s  o f  
s o lu t io n s  which we c a l l  th e  f i r s t  c la s s  o f s o lu t io n s .
The second method g iv e s  r i s e  to  a second c la s s  o f  s o lu t io n s  
and t h i s  method works on ly  when th e  s lo p e  an g le  i s  o f  th e
TEform  ^  w ith  n  an in t e g e r .  B oth c l a s s e s  o f  s o lu t io n s  
behave a t  i n f i n i t y  l i k e  sim ple  harm onic p ro g re s s iv e  w aves,
w hereas a t  th e  sh o re  l i n e  th e  f i r s t  c l a s s  o f  s o lu t io n s  
have a lg e b r a ic  s i n g u l a r i t i e s  and th e  second c la s s  o f  
s o lu t io n s  rem ain , in  g e n e ra l ,  bounded, b u t f o r  th e  s p e c ia l
7tca se  it -  2J3 = 2qoc ( a  <: -g , q an in te g e r  and p a c o n s ta n t  
s p e c i f ie d  l a t e r )  th e  second c la s s  o f  s o lu t io n s  have 
lo g a r i th m ic  s i n g u l a r i t i e s  a t  th e  sh o re  l i n e .
The a u th o r  w ishes to  ex p ress  h is  s in c e re  g r a t i tu d e  
to  D r. B. A. Packham f o r  h i s  g u id an ce , c r i t i c i s m  and 
many h e lp fu l  su g g e s tio n s  d u rin g  th e  p r e p a ra t io n  o f  t h i s  
t h e s i s .
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P A R T  I
S u b -d iv is io n  A
S o l i t a r y  Waves u nder th e  In f lu e n c e  o f 
G ra v ity  and S u rface  T ension
1 .1  I n tro d u c t io n
T his p a r t  o f  th e  t h e s i s  i s  concerned  w ith  th e  
approxim ate s o lu t io n s  o f  s o l i t a r y  waves under th e  in f lu e n c e  
o f g r a v i ty  and su rfa c e  te n s io n  in  a ca n a l o f  f i n i t e  d ep th  
w ith  a h o r iz o n ta l  b o tto m . We a re  i n t e r e s t e d  in  tw o- 
d im en sio n a l flow s th a t  can be r e p re s e n te d  by a complex 
p o te n t i a l  f u n c t io n .
A pproxim ate q u a n t i ta t iv e  d e s c r ip t io n s  o f  such s o l i t a r y  
waves in  th e  absence o f s u r fa c e  te n s io n  have been  g iv e n  by 
many a u th o rs .  M odifying s l i g h t l y  a p ro ced u re  in tro d u c e d  
by R ay le ig h  (1876) to  t r e a t  th e  s o l i t a r y  wave Korteweg and 
De V rie s  (1893) gave an approxim ate d e s c r ip t io n  o f a  c l a s s  
o f  p e r io d ic  waves which a re  c a l le d  c n o id a l waves by them 
and which te n d  to  th e  s o l i t a r y  wave when th e  wave le n g th  
becomes i n f i n i t e .  A sy s te m a tic  p ro ced u re  f o r  d e te rm in in g  
th e  v e lo c i ty  o f  th e  s o l i t a r y  wave has been developed  by 
W ein ste in  (1926) and l a t e r  t h i s  has been used  by Hunt (1 9 5 3 ). 
F o llow ing  a method developed  by D avies (1951) to  t r e a t  
f i n i t e  am p litude  g r a v i ty  waves Packham (1952) o b ta in e d  an 
ex a c t s o lu t io n  o f an approxim ate s o l i t a r y  wave problem  
w ith o u t s u rfa c e  te n s io n .  He a ls o  d is c u s se d  th e  b re a k in g  
c o n d it io n s  a t  th e  c r e s t .
K e lle r  (1948) gave a n o th e r  new approxim ate d e s c r ip t io n  
u s in g  th e  p r in c ip le s  o f th e  n o n - l in e a r  sha llow  w a te r  th e o ry  
as developed  by F r ie d r ic h s  (194-8). K e lle r  found t h a t  t h i s  
th e o ry , when c a r r ie d  o u t to  second o rd e r ,  y ie ld e d  b o th  th e  
s o l i t a r y  wave and c n o id a l waves o f  th e  type  found by 
Korteweg and De V ries  and t h a t  th e  lo w es t o rd e r  ap p ro x im a tio n  
y ie ld e d  o n ly  c o n s ta n t flow s w ith  undeform ed f r e e  s u r f a c e .
I n  g iv in g  th e  e x is te n c e  p ro o f  o f  th e  s o l i t a r y  wave
F r ie d r ic h s  and Hyers (1954-) have a ls o  o b ta in e d  an approx im ate
s o lu t io n  o f  th e  problem  by a d i f f e r e n t  p ro c e d u re . They
have shown t h a t  when th e  flow  i s  s u p e r c r i t i c a l ,  i . e . ,  when 
c2•jpj- > 1  (c  i s  th e  v e lo c x ty  o f  p ro p a g a tio n , g th e  a c c e le r a t io n  
due to  g r a v i ty  and h th e  d ep th  o f th e  f l u i d  a t  i n f i n i t y )  , 
th e  e x is te n c e  o f  th e  s o l i t a r y  wave can be p roved  r ig o ro u s ly  
by a scheme which s t a r t s  w ith  th e  s o lu t io n  o f  K e l le r  as  th e  
term  o f lo w es t o rd e r  and p ro ceed s  by i t e r a t i o n  w ith  r e s p e c t  
to  a p a ram e te r in  e s s e n t i a l l y  th e  same manner as in  th e  
sh a llo w  w a te r  th e o ry . In  th e  fo llo w in g , we s h a l l  d e r iv e  
th e  app ro x im atio n  to  th e  s o lu t io n  o f th e  s o l i t a r y  wave 
problem  -  fo llo w in g  th e  method o f  F r ie d r ic h s  and H yers (1954-) 
r a th e r  th a n  th e  g e n e ra l expansion  scheme which was u sed  by 
K e l le r .
In  s e c t io n  1 .2  th e  problem  has been  reduced  to  a
boundary v a lu e  problem  f o r  th e  L ap lace  eq u a tio n  in  a known
domain (an  i n f i n i t e  h o r iz o n ta l  s t r i p )  w ith  boundary
c o n d itio n s  which a re  n o n - l in e a r  on th e  top  and l i n e a r  on th e
bottom ; th e  new indep en d en t v a r ia b le s  a re  th e  v e lo c i ty
p o te n t i a l  and th e  stream  fu n c tio n  ’p  . T his id e a  o f
w orking in  a known domain i s  due to  L e v i-G iv ita  (1 9 2 5 ).
S in ce  we a re  c o n s id e r in g  th e  p re se n c e  o f s u r fa c e  te n s io n  in
o u r problem  i t  has become n e c e s s a ry  to  c o n s id e r  th e  two c a se s
c2 >o f su p er and s u b - c r i t i c a l  f lo w s , i . e . ,  when 1 . The
two ca ses  have been  d isc u s se d  s e p a r a te ly  in  c h a p te rs  2 and 
3 r e s p e c t iv e ly  and th e  s o lu t io n s  f o r  th e  f i r s t  two 
ap p ro x im atio n s have been o b ta in e d  in  each c a s e .
In  c o n s id e r in g  th e  case  o f  su p e r c r i t i c a l  flow  i t  h as
been shown from e q u a tio n  ( 2 . 2 . 12 ) t h a t  a r e a l  s o lu t io n  o f
th e  problem  can e x i s t  o n ly  when dt -  1 -----> 0 .
S im ila r ly  in  th e  case  o f  s u b - c r i t i c a l  flow  th e  s o lu t io n  can
e x i s t  i f  o( < 0 .  In  s e c t io n s  2 .4  and 3 .3  i t  has been
t / • 2 -5T\shown t h a t  when d  —^  0 ( i . e .  h  — ) th e  wave am plitudeP o
2a ls o  te n d s  to  zero  and hence c te n d s  to  a c o n s ta n t  v a lu e  
g h . F or w ate r a t  room te m p era tu re  t h i s  c r i t i c a l  d ep th  i s  
0 .4 8  cm. T his f a c t  has a ls o  been n o tic e d  in  a r e c e n t  p ap e r 
by Ffow# W illiam s and Hawkings (1 9 6 8 ).
In  s e c t io n  3.4- th e  problem  has been  so lv ed  by a 
d i f f e r e n t  method employed by Long (1 9 3 6 ). The e x is te n c e  
p ro o f  o f  th e  problem  in  th e  p re se n c e  o f  s u r fa c e  te n s io n  can 
be g iv en  fo llo w in g  a method analogous to  t h a t  o f  F r ie d r ic h s  
and H yers (1934-). From e q u a tio n s  ( 2 .2 .5 )  o r  ( 3 .2 .4 )  i t  i s  
c l e a r  t h a t  th e  term s c o n ta in in g  s u r fa c e  te n s io n  a re  o f  
h ig h e r  o rd e r  as compared to  o th e r  te rm s and as such  th e  
G reenfs fu n c t io n  f o r  th e  co rre sp o n d in g  l i n e a r  problem  can 
be tak en  as th e  same as t h a t  u sed  by F r ie d r ic h s  and H y ers . 
T h ere fo re  we do n o t p re s e n t  th e  e x is te n c e  p ro o f  in  th e  
t h e s i s .
1 .2  F o rm u la tio n  o f  th e  Problem
We c o n s id e r  th e  wave m otion o f  an in c o m p re ss ib le  
in v i s c id  f l u i d  in  a c a n a l o f  f i n i t e  d ep th  h and o f h o r iz o n ta l  
b o tto m . I t  i s  assumed t h a t  th e  wave i s  p ro p ag a ted  a lo n g  
th e  le n g th  o f th e  ca n a l so t h a t  th e  m otion i s  th e  same in  
every  v e r t i c a l  s e c t io n  a long  th e  d i r e c t io n  o f  p ro p a g a t io n .
We c o n s id e r  th e  tw o-d im ensional m otion in  one such  s e c t io n .
te n d s  a s y m p to tic a l ly  in  b o th  th e  d i r e c t io n s  to  a  h o r iz o n ta l  
l i n e  a t  a h e ig h t  h above th e  bed o f  th e  c a n a l ,  and 
t r a n s l a t e s  i t s e l f  w ith o u t change o f form  w ith  a  c o n s ta n t  
v e lo c i ty  c .  We s h a l l  a ls o  assume t h a t  th e  m otion  may be 
g e n e ra te d  from r e s t  by g iv en  im p u lse s , so t h a t  th e  m otion  
can be c o n s id e re d  as an i r r o t a t i o n a l  m o tion .
The f l u i d  m otion i s  th e n  reduced  to  a s te a d y  s t a t e  by 
su p e rp o sin g  on i t  a un ifo rm  v e lo c i ty  equal and o p p o s ite  to  
th e  p ro p a g a tio n  v e lo c i ty  c o f  th e  wave. C a r te s ia n  
c o o rd in a te s  o 'x 'o ^ 1 a re  chosen so t h a t  o 'x 1 l i e s  a lo n g  th e  
bed o f  th e  c a n a l and o ’y 1 p a s s e s  th ro u g h  th e  c r e s t  c f in  
th e  v e r t i c a l l y  upward d i r e c t io n  (F ig .  l ) .
C
I t  i s  assumed th a t  th e  l i n e  /£, th e  upper s u r fa c e  o f 
th e  f l u i d ,  c o n s is ts  o f a s in g le  e le v a t io n  (o r  d e p re s s io n )
A complex v e lo c i ty  p o t e n t i a l  ( x 1 , y 1) = }[* ( z 1) :
y j  = + i^* , z 1 = x ' + i y 1 ( 1 . 2 . 1 )
i s  tlien  sought in  th e  x fy f -  p la n e  such th a t  a t  an i n f i n i t e  
d is ta n c e  away from th e  c r e s t  c* t h i s  v e lo c i ty  i s  eq u a l to  c .  
The complex v e lo c i ty  p o t e n t i a l  ")(J i s  th e n  an a n a ly t i c  
fu n c tio n  o f z f and th e  r e a l  harm onic fu n c tio n s  (J?1 and xp* a re  
th e  v e lo c i ty  p o te n t i a l  and th e  stream  fu n c tio n  r e s p e c t iv e ly .  
The complex v e lo c i ty
W' = H r  ( 1 . 2 . 2 )
i s  g iv en  "by
wf = u f -  i v 1 ( 1 .2 .3 )
in  which u 1 and v 1 a re  th e  h o r iz o n ta l  and th e  v e r t i c a l  
v e lo c i ty  components r e s p e c t iv e ly .  The r e l a t i o n  ( 1 .2 .3 )  
fo llo w s  by v i r tu e  o f  th e  Cauchy-Riemann e q u a tio n s :
, t y ,  = -  , ( 1 .2 .4 )
s in c e  wf = f x , + i ^ ,  .
Prom B e r n o u l l i ’ s law  a long  th e  f r e e  s u r f a c e ,  we th e n
have
_  , ,2
p  + -Jlw 'I + gy* = c o n s ta n t ,  a long  £ ,  ( 1 . 2 . 5 )
where j* i s  th e  d e n s i ty  (assum ed c o n s ta n t)  o f  th e  f l u i d  and
p i s  th e  p re s s u re  a t  any p o in t  ( x * ,y ')  on th e  f r e e  s u r f a c e .
But by L a p la c e ’ s law th e  p re s s u re  p a t  any p o in t  (x* ,y* ) 
on th e  f r e e  su rfa c e  i s  g iven  by
p = c o n s ta n t -  T/R* , ( 1 .2 .6 )
where T i s  th e  c o e f f ic ie n t  o f s u r fa c e  te n s io n  and R* i s  
th e  r a d iu s  o f  c u rv a tu re  o f  th e  f r e e  s u rfa c e  a t  th e  p o in t  
( x ! ,y * ) .  Thus w r i t in g  f o r  T/p and e l im in a tin g  p from
( 1 .2 . 5 ) and ( 1 .2 . 6 ) we g e t
-Jlw’ 1^  + g y ’ -  T-j/R' = c o n s ta n t ,  along  £.  ( 1 . 2 . 7 )
I f  we choose y* to  be zero  on th e  bed y* = 0 which i s  
a ls o  a s tream  l i n e ,  th e n  on th e  f r e e  su r fa c e  ( i . e .  a long  
th e  l i n e  £) we have v f^ = ch , s in c e  th e  t o t a l  flow  over a 
cu rve ex ten d in g  from th e  bottom  to  th e  f r e e  s u r fa c e  i s  ch .
For th e  sake o f convenience we now in tro d u c e  th e  
d im e n sio n le ss  q u a n t i t i e s :
z = z !/ h  , w = w’/ c
B = B'/h- , X  = X V 011 ’
dXso t h a t  = w. We a lso  in tro d u c e  th e  ’reduced  a l t i t u d e 1 dz
V = gh/c2 (1 .2 .8 )
and th e  ’Weber num ber’
M = T ^ g t 2 = T/fgh2 ( 1 .2 .9 )
as th e  d im en sio n less  p a ram e te rs  o f  th e  p roblem .
In  term s o f th e se  d im e n sio n le ss  q u a n t i t i e s  th e  f r e e  
su r fa c e  now co rresp o n d s to  'js = 1 and th e  boundary c o n d it io n  
( 1 . 2 . 7 ) red u ces  to
-J-lw’ l^ + ^ y  -  y M. g  = c o n s ta n t , on ^  = 1 . ( 1 . 2 . 10)
On th e  b a s e , v i s  everyw here zero  and a lso  i f  th e  wave i s
sy m m etric a l, v  i s  zero  on th e  v e r t i c a l  below th e  c r e s t  w hich
we choose to  he ^  = 0 .
v  = -  Im w = 
and v  = -  Im w =
L a s t ly ,  th e  complex v e lo c i ty  w m ust s a t i s f y  th e  c o n d itio n
w —> 1 as Ixl oo . ( 1 . 2 . 13)
We assume now th a t  th e  p h y s ic a l  p la n e  ( i . e .  x y -p la n e )  
i s  mapped by  means o f 7C^Z  ^ , Y* -p la n e  in  such  a
way t h a t  th e  e n t i r e  flow  i s  mapped in  .ah one to  one way on 
th e  s t r i p  bounded by = 0 and 'sf/ = 1 . In  t h i s  ca se  th e  
in v e rs e  mapping fu n c tio n  z(X) e x i s t s ,  and we co u ld  re g a rd  
th e  complex v e lo c i ty  w as a fu n c t io n  o f X  d e f in e d  in  th e  
s t r i p  0 < Y* < 1 in  th e  X - p la n e . We th en  d e te rm in e  th e  
a n a ly t ic  fu n c tio n  w(X) i *1 t h a t  s t r i p  from th e  boundary  
c o n d itio n s  ( 1 . 2 . 10) -  ( 1 . 2 . 13) ,  a f t e r  which z ) can be
found by in te g r a t io n .
Follow ing  L e v i-G iv ita  (1923) , we in tro d u c e  a new 
dependent v a r ia b le  w = 0 + i  A d e f in e d  by th e  r e l a t i o n
w = J&xp{ -  i ( B + i A ) }  . ( 1 .2 .1 4 )
I t  th e n  fo llo w s th a t
Iwl = e^ , 0 = a rg  w , ( 1 . 2 . 13 )
and th u s  A = lo g  Iwl and 0 i s  th e  in c l in a t io n  o f  th e  
v e lo c i ty  v e c to r  r e l a t i v e  to  th e  x - a x i s .
We now p roceed  to  fo rm u la te  th e  c o n d itio n s  f o r  th e  
d e te rm in a tio n  o f 0 and A in  th e  ^  - p l a n e . I t  i s  easy  
to  n o te  t h a t  th e  r a d iu s  o f  c u rv a tu re  R, a long  any s tream  
l i n e  = c o n s ta n t ,  i s  g iven  by
That i s ,
0 , on 0 , ( 1 .2 . 11 )
0 , on <j> = 0 . ( 1 . 2 . 12 )
where s i s  th e  a rc  le n g th .  S u b s t i tu t in g  t h i s  v a lu e  o f 
1/R  in  th e  b o u n d a r y  c o n d itio n  ( 1 . 2 . 10) and th en  
d i f f e r e n t i a t i n g  i t  w ith  r e s p e c t  to  <f> , we g e t
^  ^  (1 .2 .1 6 )
S ince  x and y  a re  co n ju g a te  harm onic fu n c tio n s  o f  <j> 
and Y7 , we may w r i te
T* x  _ "b y ^  x  _ u
‘"2> + ^  ^  2+<^  2 Iwl2I X  7 y
"b y  = ~£x = v
I w l 2  ’
in  accordance w ith  w ell-know n r u le s  f o r  c a lc u la t in g  th e
d e r iv a t iv e s  o f fu n c tio n s  d e te rm in e d " im p lic i t ly . A lso from
(1 .2 .1 4 )  we g e t  v = -  Im(w) = e^ s in  0 . I f  we u se  t h i s
v a lu e  f o r  v and th e  r e l a t i o n  ( 1 .2 . 13) f o r  Iwl in  (1 .2 .1 6 )
2 Aand th e n  d iv id e  th ro u g h o u t by e , we g e t
4  + V e - * W  e -  v  Me-* ( ^ e  > = 0 , f0P  f = 1
But 6) i s  an a n a ly t ic  fu n c tio n  o f w and so*"~- = - J w  •
<^t>
Then th e  above boundary c o n d it io n  red u ces  to  a more s u i t a b le
form
j L l  = )> e-5*s i n 0  _ y Me - * ( l § +^ <^ ) ,  on ^  = 1 .
( 1 .2 .1 7 )
  A fcJ fcjJL.ll U — X lit; V _--- TT  ——-----
<^f>2 ’W p 'b #
In  term s o f th e  new v a r ia b le s  Q , ^ th e  p h y s ic a l  boundary  
c o n d itio n s  ( 1 . 2 . 11) -  ( 1 . 2 . 13) now ta k e  th e  form
0 = 0 ,  o n  'P  = 0 , ( 1 . 2 . 1 8 )
0 = 0 , on <f> = 0 , ( 1 .2 .1 9 )
0 = ^  = 0 as  , ( 1 . 2 . 20 )
The boundary c o n d itio n  0 = 0 on f  = 0 and th e
c o n d itio n  ( 1 . 2 . 17) on ^  = 1 in  th e  absence o f su r fa c e
c*fC/ te n s io n  a re  due to  L e v i - p iv i ta  ( 1923) , b u t  th e  c o n d itio n  a t
crfcj i n f i n i t y  imposed h e re  i s  r e p la c e d  in  L e v i - ^ i v i t a 1s and
S t r u i k 's  (1926) work by a p e r io d ic i ty  c o n d it io n  in  x  and
d&fiC/ t h i s  i s  th e  main d i f f e r e n c e  in  our p rob lem . L e v i-0 i .v i ta
and S t ru ik  gave th e  e x is te n c e  p ro o f  by assum ing a d is tu rb a n c e
o f sm all am p litude  in  th e  neighbourhood o f  th e  un ifo rm  f lo w .
In  o th e r  words th ey  assumed t h a t  0 + i  X cou ld  be developed
in  powers o f  a sm all p a ram ete r £ and th e n  th e  convergence o f
th e  s e r i e s  was proved f o r  a s u f f i c i e n t l y  sm all v a lu e  o f £ .
In  th e  case  o f th e  s o l i t a r y  wave such a p ro ced u re  would
y ie ld  n o th in g  b u t un iform  flo w . As m entioned in  th e
in t ro d u c t io n  F r ie d r ic h s  and H yers (195*0 have g iv en  a
r ig o ro u s  p ro o f  f o r  th e  e x is te n c e  o f th e  s o l i t a r y  wave when
c2
th e  flow  i s  s u p e r c r i t i c a l ,  i . e .  when gg- > 1 and when th e re
i s  no s u r fa c e  te n s io n .  T h e ir  p ro ced u re  i s  in  marked
c o n t r a s t  w ith  t h a t  o f L e v i - c iv i t a  and S t r u ik .  In  our
problem  we s h a l l  employ th e  expansion  p ro ced u re  o f  F r ie d r ic h s
and H yers. S ince we a re  c o n s id e r in g  th e  p re se n c e  o f  s u r fa c e
te n s io n  a s o lu t io n  can a ls o  be o b ta in e d  when th e  flow  i s
c2
s u b - c r i t i c a l ,  i . e .  when —^  < 1 .  We s h a l l  now c o n s id e r  th e  
two ca ses  o f  su p er and s u b - c r i t i c a l  flow s s e p e r a te ly  in  
c h a p te rs  2 and 3 r e s p e c t iv e ly .
C hap ter 2 .
2 .1  S u p e r c r i t i c a l  f lo w .
We f i r s t  c o n s id e r  th e  case  when i  = g h /c2 < 1 , t h a t  
i s  when th e  flow  i s  s u p e r c r i t i c a l .  The p ro ced u re  to  be 
adop ted  h e re  i s  th e  same as t h a t  u sed  by F r ie d r ic h s  and 
H y ers . A cco rd in g ly , we develope 6 + i A  w ith  r e s p e c t  to
$  n e a r  V = 1 .  As an e s s e n t i a l  s te p  in  th e  sh a llo w  w ate r
th e o ry  we a ls o  in tro d u c e  a s t r e t c h in g  o f th e  h o r iz o n ta l  
in d ep en d en t v a r ia b le  cf> w h ile  le a v in g  th e  v e r t i c a l  v a r ia b le  
'p  u n a l te r e d .  The app rox im ating  fu n c tio n s  a re  no lo n g e r  
harm onic in  th e  new in d ep en d en t v a r i a b le s .  S p e c i f i c a l l y ,  
we in tro d u c e  th e  r e a l  p a ram e te r a by means o f  th e  r e l a t i o n
e "5a = y  = g h /c 2 . ( 2 . 1 . 1 )
2This im p lie s  gh /c  < 1 . Thus th e  flow  i s  assumed to  be 
s u p e r c r i t i c a l  in  t h i s  c a s e .
We a lso  in tro d u c e  a new fu n c tio n  Z  , r e p la c in g  A by 
th e  r e l a t i o n
't, = + a2 . (2 . 1 . 2 )
In  th e  new v a ria b le s  9 , Z th e  p r in c ip a l  boundary c o n d it io n
( 1 .2 .17 ) th e n  red u ces  to
"Lfi. .  , - 5 * , in  „ .  a , -<t*2a2 >( 2 %  , - 3e 2 l )  y , ,  !
W  ( 2 . 1 . 3)
and c o n d itio n s  (1 .2 .1 8 )  -  ( 1 . 2 . 20) become
0 = 0 , on ' f  = 0 , ( 2 .1 .4 )
6 = 0 , on <j> = 0 , ( 2 . 1 . 5 )
0 = 0 , f  —» a as i f i  —> <» . ( 2 . 1 . 6 )
Our problem  f o r  s u p e r - c r i t i c a l  flow  th u s  s ta n d s  as 
fo llo w s : f o r  a g iv en  v a lu e  o f  th e  p a ram ete r • a 1 f in d  a
fu n c t io n  = ^(TO = 0 + i'C, a n a ly t i c  in  th e  s t r i p  0 < 1 ,
co n tin u o u s a long  ^  = 0 and ^  = 1 and s a t i s f y in g  th e  
boundary  c o n d itio n s  ( 2 .1 .3 )  -  ( 2 .1 .6 ) .  C le a r ly ,  such  a 
fu n c t io n  <*> = <*>(71) lea& s to  a s o lu t io n  o f  th e  o r ig in a l  
problem  o f  f in d in g  an a p p ro p r ia te  re g io n  in  th e  z -p la n e  
and an a n a ly t i c  fu n c tio n  X  = X ( z ) d e f in e d  in  i t  w hich 
s a t i s f i e s  c o n d itio n s  (1 .2 .1 0 )  -  ( 1 .2 .1 3 ) .  The p ro o f  o f  
th e  e x is te n c e  o f  such  a fu n c tio n  ^(X) w i l l  e v e n tu a l ly  
e s t a b l i s h  th e  p ro o f  o f  th e  e x is te n c e  o f  a  s o l i t a r y  wave in  
th e  ca se  o f  s u p e r - c r i t i c a l  f lo w .
2 .2  A pproxim ate s o lu t io n s  f o r  s u p e r - c r i t i c a l  f lo w .
In  t h i s  s e c t io n  we s h a l l  f in d  th e  s o lu t io n s  up to  th e  
f i r s t  two ap p rox im ations fo llo w in g  th e  expansion  p ro ced u re  
o f  F r ie d r ic h s  and H y ers . The s o lu t io n  f o r  th e  f i r s t  
app ro x im atio n  w i l l  form th e  b a s is  o f  th e  e x is te n c e  p r o o f .
As we have a lre a d y  m en tioned , th e  developem ent we u se  
r e q u ir e s  s t r e t c h in g  th e  v a r ia b le  so t h a t  i t  grows la r g e  
r e l a t i v e  to  ^  when a  i s  sm a ll; and t h i s  i s  done in  th e  
p r e s e n t  ca se  by in tro d u c in g  a new in d ep en d en t h o r iz o n ta l  
v a r ia b le
Then we c o n s id e r  th e  dependen t v a r ia b le s  0 and T as  f u n c t io n s
o f  <f> , y  and a and expand them in  powers o f  a as fo llo w s :
A
a <f>. (2.2 .1 )
A
0 -  CL3 e, ( <p} f) -h  a? pz ( f ,  r )  + e j  £>3( £  y)+  - [%. z .± )
In  term s o f  ^  ^  th e  Cauchy-Riemann eq u a tio n s  f o r  0 , Z
become
1 1  = & 2 ±  l l  = -  U ( 2 .2 .3 )
I f ,  now, we s u b s t i tu t e  th e  expansions ( 2 .2 .2 )  i n  th e  
e q u a tio n s  ( 2 . 2 . 3) and th e n  eq u a te  th e  c o e f f i c i e n t s  o f  th e  
f i r s t  th r e e  powers o f a ,  we g e t
*~b "p
l i z
= 0
1>e.
3 _
' l i e ,
D 'p
"> e
^
The f i r s t  o f  th e s e  eq u a tio n s  shows t h a t  ' t ,  i s  in d ep en d en t
A
o f 'p  , t h a t  i s  = ^ ( < p ) .  On in te g r a t in g  th e  rem a in in g
e q u a tio n s  and u s in g  th e  boundary c o n d it io n  ( 2 .1 .4 )  we o b ta in  
th e  r e l a t i o n s :
* 2 =  -  £  »
=  p r v w ) "  r  * ' ( * ) >
-  i :  * " O ) + K i t \
• \
V ( 2 .2 . 4 )
T  — -L L3 -  z4
1 A *—"I " n
where (<£) = — r- e t c . ,  and j  (<)>) and (<p) a re  a r b i t r a r y  
fu n c tio n s  o f  <p a lo n e . The fu n c tio n s  jQpj and M (<P) a re
to  be dete rm in ed  l a t e r .
In  term s o f <j> , 'p  th e  f r e e  s u r fa c e  c o n d itio n s  ( 2 .1 .3 )  
red u ce s  to
1 1  = e - ^ s i n  6 -  M a2 e ~ ^ +2a2 4 ^ 1  +1 | 2 l  ) ,  0n  P  = 1
n , *  ( 2 . 2 . 5)
A ccording  to  th e  expansions ( 2 . 2 . 2 ) ,  one has 
■ ^-p ^
—3^
£  — £ i -  3-C+ I t ?: . . . j  { 0 + --------}•
~  £ I— i« 5 c f - j |a ? 0 |+ctt 0 £ ta 7P3-<------- j
=  CL Pj +  A ( 0£- 3 +  3 ^ 9 j ,+ t2 ^ 4 -  l . T J, "e3
■+ O (oL*) 5
n  ] =  f • « " * ' )
~ { l -  ^ ( z + x,)]{*2 0^( P.f+ P|1 ( )  }
=  e^ + & y,- 9,“(2 * t , )  j[ +  0  (a-7)
S u b s t i tu t in g  th e s e  v a lu e s  on b o th  s id e s  o f  c o n d i t io n
(2 . 2 . 5 ) and th e n  eq u a tin g  th e  c o e f f i c i e n t s  o f  a ^ , a? and a7 
r e s p e c t iv e ly ,  we o b ta in  th e  th r e e  eq u a tio n s
^  *i =  e,
^  * ’
1 ? ? =  e-z -  3 B,t .— M  fr/' ,
) ^ ? t =  e3-  ± < 6; - M ^ ^ + ^ r ^ C 2- ^ ' ) }
a l l  lo n g  'f' = 1 .
and
•€
From th e  f i r s t  e q u a tio n  o f ( 2 .2 .4 )  i t  fo llo w s  t h a t  
th e  f i r s t  e q u a tio n  o f (2 .2 . 6 ) i s  a u to m a tic a lly  s a t i s f i e d .
The second eq u a tio n  o f  ( 2 .2 .6 )  le a d s  th ro u g h  ( 2 .2 .4 )  to  
th e  c o n d itio n
d  q "  = 9 ^ ^  , ( 2 .2 .7 )
where d  = 1 -  3M = 1 ------------ . ( 2 . 2 . 8 )
fg h
The t h i r d  o rd e r  o rd in a ry  d i f f e r e n t i a l  e q u a tio n  ( 2 .2 .7 )  th e n
A
d e te rm in es  and once ^  has been  o b ta in e d , one se e s
t h a t  6^ i s  a u to m a tic a lly  f ix e d  by th e  f i r s t  e q u a tio n  o f
( 2 .2 .4 ) .
We now p roceed  to  f in d  a s o lu t io n  o f ( 2 . 2 . 7 ) .  S in ce  
i t  i s  an o rd in a ry  d i f f e r e n t i a l  e q u a tio n  o f th e  t h i r d  o r d e r ,  
th r e e  boundary c o n d itio n s  a re  needed  in  o rd e r  to  s p e c ify  a 
s o lu t io n  o f  t h i s  e q u a tio n . We assume th e s e  to  be
1 ^ (0 ) = 0  , ^ ( o o )  = 1  , ' T ^ ( c o )  = 0 . ( 2 . 2 . 9 )
These c o n d itio n s  r e s u l t  from o u r assumed p h y s ic a l  s i t u a t i o n : -
th e  f i r s t  one fo llo w s  from th e  c o n d it io n  (2 . 1 . 5 ) and th e
f i r s t  eq u a tio n  o f ( 2 . 2 . 4 ) ,  th e  second fo llo w s  from th e
2 Ac o n d it io n  t h a t  Z —^  a as I pi —^  oo which we s a t i s f y  by 
ta k in g  ^^(°°) = 1 and '^n (°°) = 0 , n  > 1 , w h ile  th e  t h i r d  i s  
a re a so n a b le  c o n d itio n  t h a t  i s  ta k e n  in  p la c e  o f  w hat lo o k s  
l i k e  th e  more n a tu r a l  c o n d itio n
^l(oo) = 0 . (2 . 2 . 10 )
S ince  t h i s  l a t t e r  c o n d itio n  i s  a u to m a tic a l ly  s a t i s f i e d  in
view  o f th e  f i r s t  e q u a tio n  o f ( 2 .2 .4 )  and Q^O30) = 0 ,  and 
t h i s  does n o t h e lp  in  f ix in g  u n iq u e ly .
An in te g r a t io n  o f ( 2 .2 .7 )  y ie ld s
, _ it q 2
a-^ = 2 1 + cons"barL'k
and c o n d itio n s  (2 . 2 . 9 ) th e n  g iv e
tk ' t - l  = -  1 ) . ( 2 . 2 . 1 1 )
t
M u ltip ly in g  h o th  s id e s  o f t h i s  eq u a tio n  by 2 ^  and th e n  
in te g r a t in g  once , we g e t
d  ( ^ ) ^  = + c o n s ta n t
whence by u s in g  th e  boundary c o n d itio n s  (2 . 2 . 9 ) and (2 . 2 . 10 ) 
t h i s  becomes
eC & ] )2 = 3<*1 -  l ) 2Cq + 2) .  (2.2.12)
A
As C > 1 f o r  la rg e  v a lu e s  o f  <£> , th e  e q u a tio n  (2 .2 .1 2 )  
canno t have a r e a l  s o lu t io n  u n le s s  o( > 0 .  Thus i n  th e  
ca se  o f  s u p e r - c r i t i c a l  flow  we r e q u ir e  th a t  c( sh o u ld  be 
p o s i t i v e .  T h e re fo re , on in t e g r a t in g  (2 .2 .1 2 )  and s a t i s f y i n g  
th e  c o n d itio n s  (2 . 2 . 9) ,  one g e ts
A
= 1 - 3  sech2 ( ) •  ( 2 .2 .1 3 )
The e x p re s s io n  (2 .2 .1 3 )  f o r  'L th u s  r e p r e s e n ts  th e  s o lu t io n  
o f ou r problem  f o r  th e  f i r s t  ap p ro x im a tio n . One can  th e n  
e a s i ly  f in d  th e  e x p re ss io n s  f o r  th e  wave p r o f i l e  and th e  
v e lo c i ty  components u ,  v  a lo n g  th e  j^ree s u r f a c e ,  and th e s e  
w i l l  be done in  th e  n e x t s e c t io n .
In  o rd e r  to  o b ta in  th e  s o lu t io n  f o r  th e  n e x t h ig h e r  
app ro x im atio n  ( i . e .  to  o b ta in  ^ and 0g) i t  i s  c l e a r  from
A
( 2 .2 .4 )  t h a t  we should  f in d  an e x p l i c i t  e x p re ss io n  f o r  j  (40 • 
For t h i s  pu rpose  we go back  to  th e  t h i r d  e q u a tio n  o f  ( 2 .2 .6 )  
and t h i s  le a d s  th ro u g h  ( 2 .2 .4 )  to  th e  c o n d itio n
Then u s in g  ( 2 .2 .7 )  send ( 2 .2 .8 )  th e  above e q u a tio n  re d u c e s  
to
which i s  ag a in  a t h i r d  o rd e r  d i f f e r e n t i a l  eq u a tio n  t h a t
A
d e te rm in es  th e  fu n c tio n  j (<f) .
The boundary  c o n d itio n s  which s p e c ify  o(£)  u n iq u e ly  fo llo w  
from th e  e x p re s s io n s  ( 2 .2 .4 )  and th e  c o n d itio n s  ( 2 .2 .9 )  and 
( 2 .2 .1 0 ) .  These a re
D i f f e r e n t ia t in g  th e  e q u a tio n  c / ^  ^ 1 ^ 1  "^ w^ ce * one
has
S u b s t i tu t in g  t h i s  v a lu e  f o r  in  th e  e q u a tio n  ( 2 .2 .1 4 )  we 
g e t
J i '!L  =  1) r ' z ' 1
= 0 , 0 (00) = 0 , 0 (~ ) = 0 , d (0 ) = 0 .
(2 .2 .16)
We now p ro ceed  to  so lv e  th e  e q u a tio n  (2 .2 .1 5 )  s a t i s f y in g  
th e  boundary  c o n d itio n s  ( 2 .2 .1 6 ) .  On in te g r a t in g  (2 .2 .1 5 )  
once and th e n  u s in g  th e  c o n d itio n s  ( 2 . 2 . 9 ) ,  (2 .2 .1 0 )  and
(2 .2 .1 6 )  we g e t
<£ 3 *1 i  -  -  ^  ,2.13 ( 1  () ( * , - ) +  ( W+ ^ z
n -  w  o - < 9  £ * « - ] ) }
and u s in g  (2 .2 .1 2 )  t h i s  red u ces  to
rjL 3 -  1T, i -  -  ~L +  6)(T^.'C,+i) +  (SV- sk -h )
(Tr l)(t,+ Z )+ - 3o<*O'«0 +
A
S u b s t i tu t in g  'C-, = 1 - 3  sech^( — ) in  th e  above
1 2 n/ c?
e q u a tio n , we g e t  a f t e r  some s im p lic a t io n
•= 1L | t
w 2- f r tZ  [ A -
4- $£. f
To in te g r a te  t h i s  eq u a tio n  i t  i s  co n v en ien t to  p u t  — = t ,  
so t h a t  i  ' = | a  = j j = -  § i  and 3 " = jL  . m e n  th e
above eq u a tio n  red u ces  to
-f-S'/s-t-cl-t-Z'&huJL^Jpr
' (2  . %, 17J
C le a r ly ,  a com plem entary fu n c t io n  o f (2 .2 .1 7 )  i s
= se c h ^ t ta n h  t .  ( 2 .2 .1 8 )
Wow l e t  j  = ^2 ? ^2 3X1 a r b i t r a r y  fu n c t io n  o f  t ,  be
a s o lu t io n  o f  ( 2 .2 .1 7 ) .  S u b s t i tu t in g  t h i s  in  th e  e q u a tio n
( 2 .2 . 17 ) one g e ts
a.
<***■ ^
t= J £ _ —- j ( 2+ £-/)~  sr( ^ +- +• S(3+«J+ 2 of) f e d t* f  ^
The in te g r a t in g  f a c t o r  o f  t h i s  e x a c t l i n e a r  eq u a tio n  f o r
h d o  4  2i s  sech  t  ta n h  t  and hence
H
4
—   ^"(i7-5Tdl4-Z^Z) f e - X 2,i  +  3o(t+<f)j»d?t
— £" {_2,4-oC+2^ t ^ - X 7i' ebb
-  ^  f t ( ^  - £ ( 1 7 - * + *  ^ t O ^ t
Hr &^ \-v-l2)i!aA4N^ ' t S* jfccwlv t
%
where c^ i s  a  c o n s ta n t o f  i n t e g r a t i o n .  T h ere fo re
IS !--------  H" ■——— & + 2. r ^ f c o J v  *t
(it U ^ b k ^ t  ,
4 - ~  2.^y£*X  t
rz (! £ 4  - ^ 4  ^Av T t \  A t^)
+  A y | ( r o t - i ) ( t » U t  + 1  ^ 4 t )  -  ^ 7 + t S i l - * o / )
“1“ ^ ( 3  4“o( "V* Z d^/h-d l  \  
A f u r th e r  in te g r a t io n  o f t h i s  e q u a tio n  g iv e s
j  ( t)  = Z-bbL t  4  4  ~ ^wX <2.1+ 3^  U b^
-1- 5 ^ + o (4 - 2 \~>r ^ z  }
( X  2.. iV )
where o,  ^ i s  a n o th e r  c o n s ta n t o f  in t e g r a t i o n .  T h e re fo re
d ( t )  = jp C tJ s e c h ^ t ta n h  t  , (2 . 2 .20 )
where ^ ( b )  i s  g iv en  by ( 2 .2 .1 9 ) .  We now see  t h a t  th e  
fu n c t io n  j ( t ) ,  g iv en  by (2 . 2 . 20 ) and (2 .2 . 19 ) ,  w i l l  s a t i s f y  
th e  boundary c o n d itio n s  (2 .2 .1 6 )  p ro v id ed  we choose
Q ^
c,  ------------(5<4- 1) and c0 = 0 .  Hence 0(40 i s  g iv en  by
1 2Cfe( ^
-V +  5 +  JU5) i a J v t  1
where t  =
2 J Z
A K
S u b s t i tu t in g  th e  v a lu e s  o f  ^ ( ^ O  a11^ - d (^ )  from 
(2 .2 .1 3 )  and (2 . 2 . 21) in to  th e  e q u a tio n s  ( 2 .2 .4 )  we g e t  
th e  fo llo w in g  r e s u l t s
f t *  -  J . +  ,
1 nT* 2.45 *43 7 ( 2 . 2 . 2 2 )
(Z~ 3,U<£  - f  H i i ) ’ ( 2 . 2 .23 )
^  4 % ^  A 3^ &^ ~ 4  A  (2 .2 .2 4 )
A-
where 3(^0 i s  g iven  by ( 2 .2 .2 1 ) .  The s o lu t io n  f o r  th e  
second app rox im ation  i s  th u s  g iv en  by (2 .2 .2 3 )  and ( 2 .2 .2 4 ) .
2 .3  The wave p r o f i l e  and tlie  v e lo c i ty  components
along  th e  f r e e  s u r f a c e .
In  o rd e r  to  o b ta in  th e  e q u a tio n  f o r  th e  f r e e  s u r fa c e  
we go back  to  th e  eq u a tio n  = w and in te g r a te  i t  in  th e  
X -p la n e .  S in ce  w = w(X) = , we have
,x (e+a ) d t  _ ( 2 . 3 . 1 )z ' w
r
d/t
Along th e  f r e e  s u r fa c e  ^  = 1 , we have z = z^ and 
d x  = d^ > , and th e re fo r e
r
e- / i+ i0d , ? on y, = ^  ( 2 . 3 . 2 )
~ x ,e + " J
Prom (2 . 1 .2 ) and (2 . 2 . 1 ) we have \  = 'T -  a^ and d^> = 
Thus in  th e  4> 'f' -p la n e  we g e t
az£
^ O0a -  £  + i0  ^ r  e d^ , .on ^  = 1 .
U sing th e  expansions ( 2 .2 .2 )  and n e g le c t in g  te rm s o rd e r  
h ig h e r  th a n  a^ m  th e  above e q u a tio n , we have
=  f  [l-t -  r ,)  + '«<a? ^  ^  0  "  z $ -  z \ + ’L •+"9'r pi'r0 ]  ^  "f
on ^  = 1 . T h ere fo re  eq u a tin g  th e  r e a l  and im ag in a ry  p a r t s ,  
one has
axg = j {1 + a2 ( l - 'I 1 ) } d |  , on 1 , ( 2 .3 .3 )
yg = J {a2 01 + a2|'( e 2+01- 81^:1 )cL  ^ , on ' ) ' = ! ,  (2 .3 .4 -)and
where in  (2 . 3 . 3 ) th e  term  c o n ta in in g  a^  has been  n e g le c te d ,  
s in c e  i t  w i l l  n o t be n e c e s s a ry  up to  th e  second ap p ro x im a tio n
and this will he clear later. A
2 3S u b s t i tu t in g  ^  = 1 - 3  sech  - J j -- in  th e  e q u a tio n
( 2 . 3 . 3 ) we g e t
A
A
/» f\
ax^ = J  {1 + 3a2 sech2 }d<£
A N
^  + 2 xJ5 a2ta n h  — ,
N
th e  c o n s ta n t o f  in te g r a t io n  v a n is h e s , s in c e  a t  >^ = 0 , x  = 0
T h erefo re
* - 3 ax
= a x .  -  2 45 a2 ta n h  — ■ . ( 2 . 3 . 5 )
S im i la r ly ,  s u b s t i tu t i n g  th e  v a lu e s  o f  0^ and ©2 from
( 2 .2 .4 )  in to  th e  e q u a tio n  ( 2 .3 .4 )  we have
f
O t h ,  1 I l f  I t t .  ,  A
{_ a + a ( z  ^  _ o -  ^  ^
4 /  1  "   ^ /r l<r 2 - + c 3 •
* _B ut a t  = «», y^  = 1 , C f = d = 0 and '1 ^  = 1 and so
2 1 4c^ = 1 + a + ^-a . Hence
y ^  = 1 + a2 ( l -  H- )^ + a^{ -g ^  ~ d + •
A A
S u b s t i tu t in g  th e  v a lu e s  o f  H^(4>) and jOf5) in  th e  above
e x p re s s io n , we g e t  a f t e r  some s im p l i f i c a t io n
^  1+ 3a^eeH N ; -f- io^  --
f z . 5 . 6
3 4*where t  = ■ ■
2vJ7
Now we s h a l l  have to  e l im in a te  cf> from th e  e q u a tio n s
( 2 .3 .5 )  and ( 2 .3 .6 ) .  From ( 2 .3 .5 )  we can w r i te  by 
su c c e s s iv e  app rox im ations
=  3 3 a ^ c ()
_  z  . _
H- £ff>L ( l* .1-  (oO t^hJL '& )
14* §uJL
-  V  . (  14-
.•=■ i e e i  5^2^- 4 - 6^-2~-fevv,l(2'  ^txx,, , n / a 1}
z-'JZ &.J2. L y
uiHv 3 ^ ,
zSZ 3 £ ^ax* 2
S im ila r ly ,  ta n h  = ta n h  - ——  + 0 (a  ) and so o n .2 \ f j  2 n/3
Hence from  ( 2 .3 .6 )  th e  e q u a tio n  f o r  th e  f r e e  s u r fa c e  i s  
g iv en  hy
-  >+- S c u '-W L  +  ' • j ^  3A ?--;
^  2 0 J*- <- ^
. tu J L  3 a x _  _
( 2 . . 3 . 7 J
T his eq u a tio n  shows t h a t  when th e  flo w  i s  s u p e r - c r i t i c a l ,  
th e  f r e e  s u r fa c e  i s  l i k e  a hump. In  o th e r  words we g e t  
waves o f  e le v a t io n  o n ly .
The ex p re ss io n s  f o r  th e  v e lo c i ty  components u ,  v  o f  
th e  f l u i d  p a r t i c l e s  can now he o b ta in e d  from th e  r e l a t i o n  
w = As b e fo re ,  u s in g  th e  r e l a t i o n  ( 2 .1 .2 )  and
th e  expansions (2 .2 . 2 ) ,  we g e t a f t e r  n e g le c t in g  h ig h e r
powers of a
T—a^ + i0u -  iv  = e
= 1 -  a ^ ( l- 'C L) + i a 5 61+  ^ { 2*2 +
Thus eq u a tin g  th e  r e a l  and im ag inary  p a r t s  in  th e  above 
e q u a tio n , one g e ts
u  = 1 -  a2 ( l - t 1 ) + ^ a 4 {2 ^  + ( 1-T 1 ) 2 J  
and v  = a 0 -^  .
S u b s t i tu t in g  th e  v a lu e s  o f  /C-L, 0-^  and'Cg from ( 2 .2 .1 3 ) ,  
(2 . 2 . 22 ) and (2 .2 . 23 ) in to  th e  above e q u a tio n s , we have a long  
th e  f r e e  s u r fa c e  'f* = 1 ,
\ -  3 ( 3 J  . L a d ] 3 £
2/JI ^   ^ ^  ZJIJ Z>Ta
+ j ( f )  +  s i  ~\
J ,
A
and v  = -  2iL_ sech^ ta n h
grj 2 2 \T [
F in a l ly ,  u s in g  ( 2 .3 .5 )  in  th e  above e q u a tio n s , th e  
e x p re s s io n s  f o r  u  and v  a long  th e  f r e e  s u r fa c e  can  be 
o b ta in e d  in  th e  form
I t -  I -  3 oJ~&Lfdd 3£*H- 3 -^ -\ ( ( ^ d - ^ L i o ^ f z o i . -  ?
zJZ . w * i l . y  ^ y *13 J
7 (5 * ^
. y&txl1 332<-
r>_5
22 .4  E x p re ss io n  f o r  c in  te rm s o f  wave a m p litu d e .
L e t b d eno te  th e  am p litude  o f  th e  wave a t  th e  c r e s t  c *. 
Then from  ( 2 .3 .7 )  we have
h+b -j -z_2 9 / t  , A 4t_ = 1 + 3u + 'A1 (.1 + 10e\ Ja  ,
n 20dT
o r ,  ^  = 5a2 + (1 + ■— .
10o(
T h ere fo re
3a2 = £  -  i ( l  + - 4 ) ( | ) 2 . ( 2 .4 .1 )
11 2 10dC2 11
Thus from ( 2 .1 .1 )  i t  fo llo w s  t h a t
gE = e-
-i / b I / 't 1 ■\/'b*\2\ l^b*^
= 1 + 1 E -  ^ ( !  + ^ 2 ) % )  '  + ’
t h a t  i s ,
iL_ -  i  + S. -   ( i ) 2 (2 4 2)gh *■ + h kh '  •
o
The e x p re s s io n  ( 2 .4 .2 )  f o r  c red u ce s  to  th e  r e s u l t  o b ta in e d
by W ein ste in  (1926) and Hunt (1955) when we p u t  T = 0 .
L a te r  in  s e c t io n  3 .4  we s h a l l  see  t h a t  th e  same e x p re s s io n  
f o r  c can a lso  be o b ta in ed  by th e  method o f  Long (1956) 
and t h i s  w i l l  v e r i f y  th e  r e s u l t .
From th e  assum ption  f o r  s u p e r - c r i t i c a l  flow  and from
( 2 .4 .2 ) .  i t  fo llo w s  t h a t  up to  th e  second ap p ro x im a tio n  we 
shou ld  have
|  < 20e(2 . ( 2 .4 .3 )
T his in e q u a l i ty  shows t h a t  when 0 ,  ( i . e .  when
2 3T\h  —^  th e  wave am plitude  h a ls o  te n d s  to  zero  and
a c c o rd in g ly  a t  t h i s  c r i t i c a l  d ep th  th e  wave p ro p a g a te s  w ith  
a c o n s ta n t  v e lo c i ty  gh . T his means we g e t  no m otion  o th e r  
th a n  un ifo rm  flow  a t  t h i s  c r i t i c a l  d e p th . For w a te r  a t  
room te m p e ra tu re  t h i s  c r i t i c a l  d e p th  i s  0 .4 8  cm. Thus f o r  
s l i g h t l y  l a r g e r  v a lu e s  o f  t h i s  c r i t i c a l  d ep th  we g e t  waves 
o f e le v a t io n .  In  th e  n e x t c h a p te r  we s h a l l  show t h a t  f o r  
s l i g h t l y  s m a lle r  v a lu e s  o f  t h i s  d ep th  we g e t waves o f  
d e p re s s io n .
C hap ter 3 .
3 .1  S u b - c r i t i c a l  f lo w .
When th e  flow  i s  s u b - c r i t i c a l , t h a t  i s , when i  > 1 , 
we can fo llo w  a method p a r a l l e l  to  t h a t  o f  c h a p te r  2 w ith  
some s l i g h t  amendment. In  t h i s  ca se  th e  r e a l  p o s i t iv e  
p a ram ete r a  i s  in tro d u c e d  by th e  r e l a t i o n
e5&2 = i  = -E| ( 3 .1 .1 )
c
and t h i s  assumes t h a t  'j > 1 .  A cc o rd in g ly , th e  new fu n c t io n
•H t h a t  r e p la c e s  X i s  in tro d u c e d  by th e  r e l a t i o n
X = A -  a2 . ( 3 . 1 . 2 )
The f r e e  su r fa c e  c o n d itio n  (1 .2 .1 7 )  th e n  red u ce s  to  
th e  c o n d itio n
e -  „ , - « - 2 » 2>c'2£e . ^ 8  2 ? ) ,  t - .  1 ,
^  (5 .1 .5)
and th e  c o n d itio n s  ( 1 .2 .1 8 ) ,  ( 1 . 2 . 19) ,  ( 1 . 2 . 20 ) become
0 = o on ^  = o , ( 3 .1 .4 )
0 = o on = o , ( 3 . 1 . 5 )
0 = o , f - > -  a^ as I <jH —^ °°. ( 3 . 1 . 6 )
Our problem  f o r  s u b - c r i t i c a l  flow  i s  th e n  th e  same as 
t h a t  f o r  s u p e r - c r i t i c a l  flow  ex cep t t h a t  th e  boundary  
c o n d it io n s  ( 2 . 1 . 3 ) -  ( 2 . 1 . 6 ) a re  now to  be re p la c e d  by  th e  
boundary  c o n d itio n s  ( 3 . 1 . 3) -  ( 3 . 1 . 6 ) .
3 .2  A pproxim ate s o lu t io n s  f o r  S u b - c r i t i c a l  f lo w .
S im ila r  to  s e c t io n  (2 .2 )  we f in d  h e re  th e  s o lu t io n  
o f  ou r problem  f o r  th e  f i r s t  two ap p ro x im a tio n s . As 
b e fo re  th e  s o lu t io n  f o r  th e  f i r s t  ap p rox im ation  w i l l  
form th e  b a s is  o f  th e  e x is te n c e  p ro o f .
P.A s im i la r  s t r e t c h in g  o f th e  h o r iz o n ta l  v a r ia b le * i s  
made by in tro d u c in g  a v a r ia b le
p  = a cp ( 3 . 2 . 1 )
and co rresp o n d in g  to  (2 .2 . 2 ) we assume th e  ex p an sio n s:
f  = -  a2 ^  ( I  , t )  + a4  -t, 2 (<£ , t )  + ---------, L (3 .2 .2 )
e = a? ex (<p , f )  + a^ e2 (<p , f )  + --------- . j
I f  we s u b s t i t u t e  th e s e  expansions in to  th e  Cauchy-Riemann 
e q u a tio n s :
-fr* _ T?e -Je _ a ^ ' c 
• f t
and th e n  eq u a te  th e  c o e f f i c i e n t s  o f f i r s t  th r e e  pow ers o f  a ,  
we g e t  th e  s e t  o f eq u a tio n s
' V t l
= o , ^ 61
'D t ■ft"
=l ® i " f c  6?i :: ; "9^2
' f t - n>^ <-d<£
'I  e . _
n s t
The f i r s t  one o f  th e s e  e q u a tio n s  g iv e s '^  = ^  ( cf> ) , and th e  
rem ain in g  eq u a tio n s  g iv e  on i n t i g r a t i o n
0! = (* ) ,
T. i f 2* !  ( f  ) + d ( £  ) ,
= ( t )  - t d ' ( f ) ,
1 A ,  wv 1 ** , ,,.2 ,.", *
( 3 .2 .3 )
^ 3  = ~ f  * 2. ( f  )  -  i f  d ( t )  + k ( f ) ,
1 R v  , a 1 Z *«» ► .
e 3  = 13? r t i  ) + 5 r d ( f  ) - f k (<£)»■
A  A
w here^as b e f  o re? o (£  ) enid- k (</> ) a re  a r b i t r a r y  fu n c t io n s  
a
o f  <£? o n ly , and dash  im p lie s  p a r t i a l  d i f f e r e n t i a t i o n  w ith
A
r e s p e c t  to  p  .
A
In  term s o f , f  th e  c o n d itio n  ( 3 .1 .3 )  becomes
I S  .  6 -  H, 2 . T | ^ l  « » f .  1 0 . 2 . 4 )
- a t  D £ 2
S u b s t i tu t in g  th e  expansions ( 3 .2 .2 )  on both, s id e s  o f  t h i s  
e q u a tio n  and th e n  e q u a tin g  th e  c o e f f i c i e n t s  o f  eq u a l pow ers 
o f  a ,  one has
<~&f ^1 ,
11
= e 2 + 50! * !  -  H e1 ’ ( 3 .2 .5 )
2  = 05 + 3 ( t l 02.  T201) + | c 2 0 i _ H { 02-_0 i C i+ 6 i-(2+T i)}tt I
r7'p
a l l  a long  f =  1 .
From ( 3 .2 .3 )  we see  t h a t  th e  f i r s t  e q u a tio n  o f  ( 3 .2 .5 )  
i s  a u to m a tic a lly  s a t i s f i e d  and th e  second one w i l l  be
A
s a t i s f i e d  i f  ^ ( ^  ) s a t i s f i e s  th e  o rd in a ry  d i f f e r e n t i a l  
eq u a tio n
d  i " '  = -  9 \  , ( 3 . 2 . 6 )
w hered  i s  g iven  by ( 2 .2 .8 )  . .  The boundary c o n d it io n s  t h a t  
would s p e c ify  a un ique s o lu t io n  o f  ( 3 . 2 . 6 ) can  be ta k e n  as
th e  same s e t  o f  c o n d it io n s  (2 . 2 . 9) .
I n te g r a t in g  th e  eq u a tio n  ( 3 .2 .6 )  and u s in g  th e  
c o n d it io n s  (2 . 2 . 9 ) and ( 2 .2 . 10 ) we g e t
ft
= ( %  -1) (3.2.7)
and o( ( C ^ )  2= _ X- 1 ) Z(*X+ 2 ) .  ( 3 . 2 . 8 )
S i n c e ' t 1 as th e  e q u a tio n  ( 3 .2 .8 )  can n o t have a
r e a l  s o lu t io n  u n le s s  c( < 0 .  T h ere fo re  choosing  c( < 0 in  
t h i s  c a s e ,  we g e t  a
2 H't _ = 1 - 3  sech  
1 ^  (3.2.9)
= 1 - 3  sech2 5
T3
where (3= -  <?( > 0 .
F in a l ly ,  th e  l a s t  e q u a tio n  o f ( 3 .2 .5 )  le a d s  th ro u g h
( 3 .2 . 3 ) to  th e  c o n d itio n
3 d  -  9 (t^d + c id )  = -  (2 + 53) * !  + (5 -3 )  'Cf +
+ i  (7 -2 3 ) -c" + 2 (1+3) t j "  .
U sing ( 3 .2 .6 )  t h i s  can be w r i t te n  as
tit  ^ *1 p o •
3d -  9 0 c ,d ) = -  -1 + K 9  (53 -  l ° 3  + 6) tdf t  +
103
t t t
+ 23 (53 + 53 + 9) - 1 8 0 3(1+3) H ^ } .
(3 .2 .10)
A
I t  can be e a s i ly  shown t h a t  j  (<f> ) s a t i s f y  th e  same 
s e t  o f  boundary  c o n d itio n s  (2 .2 .1 6 )  and th e s e  c o n d it io n s
A
a re  s u f f i c i e n t  to  d e te rm in e  o (P ) u n iq u e ly .
An in te g r a t io n  o f  (3 .2 .1 0 )  and th e  u se  o f  boundary  
c o n d it io n s  ( 2 . 2 . 9 ) , ( 2 . 2 . 10 ) and (2 .2 .1 6 )  g iv e  r i s e  to
the equation
|S i -  <\ c, 3 =  - _ 3 (r i 0 j r?pL I0p +6J ^ t(2-+r(+ i ) + (£-^ 3V  ^ p+^(Tr i)(z j t i )
l°f* —  3 <s/ 3 ( l t ^ ) t r ,+ 1) ]
S u b s t i tu t in g  th e  v a lu e  o f  from ( 3 .2 .9 )  in  th e  above 
eq u a tio n  we g e t
p j ;/- <?'c i3 ,=  3p  (5L+S'f )—S'i.z + |J + Y 5L) t 4 f ' i ^
A
SJp
P u t t in g  -2^: = t in  th e  above e q u a tio n , we have 
2^3
A.
t=  J3. t  ^[3 -f-|3 +i( 1 +  5^3-|5
S'jZ
(3 .2 .1 1 )
Comparing t h i s  eq u a tio n  w ith  (2 .2 .1 7 )  we can im m edia te ly
A
w ri te  th e  s o lu t io n  f o r  j  (^b ) which i s  g iv en  by
(3 .2 .12)
where f%= #
2
A cco rd in g ly  from ( 3 .2 .3 )  th e  fu n c tio n s  ®2
a re  g iv en  by
A  A
0 . = - ^  s e c h 2  2 A  t a n h  2 _ £  ( 3 . 2 . 1 3 )• i  “Pq oouu —■—: ocLLLii ——r -
1 IP  2 #  2 J 3
'C~ = -  ! r  f 2 (2  -  3 sech2 - 2 l  ] sech2 - 2 l  + j ( ^ )  , ( 3 .2 .1 4 )
* p ^ 2# J  2 {p
6p = -  ^ 2. ( l - 3  sech2 -2l  j sech2 -2f  ta n h  -2^  -  f 'o 'C ^ )  ,
^ 2pw -v 2'Tpy 2 n[| 2\?B ( 3 . 2 . 15)
where d(<f>) i s  g iv en  by ( 3 .2 . 12 ) .
3 .3  E x p re ss io n s  f o r  th e  wave p r o f i l e ,  th e  v e lo c i ty  
components and th e  v e lo c i ty  o f  p ro p a g a t io n .
C orresponding  to  s e c t io n  ( 3 .3 ) ,  we have in  th e  ca se  
o f  s u b - c r i t i c a l  flow
/  + = 1 e_ *+l6  ^z -e = x
a long  th e  f r e e  su r fa c e  ^  = 1 . Hence u s in g  ( 3 .1 .2 )  and
( 3 .2 . 1 ) we can w r i te
a ( x ^  + i y g )  = + a
w hich , a f t e r  u s in g  th e  expansions ( 3 .2 . 2 ) ,  can be w r i t te n  
in  th e  form
CL[x t + !'i t )  ~  r p - ^ 0 - 'tO?e, — 0
-V t o f f  ^  -  P| + &, T.,) +  0 (oS) Aj>
along  'f' = 1 . Hence
= L {1 -  a2 ( l - 'u L) + O t a b i c l ^ ,  ( 3 .3 .1 )
and y^  = \ {a^ 0-^  + a^(02 -B ^ & T j) + 0 (a 6 )} d<  ^ ( 3 .3 .2 )
along  ^  = 1 .
S u b s t i tu t in g  th e  v a lu e  o f from (3 .2 .9 )  in  ( 3 .3 .1 )  
we g e t
f { l  -  3a2 sech2 -2 i  ) d<fc
J  2 #
= <b -  2 >j0 a2 ta n h  -2f
2#
A
s in c e  a t  <p = 0 ,  x  = 0 .  Hence
A
<b = ax + 2,Jf5 a2 t a n h -2SS ( 3 .3 .3 )
2>f0
along  th e  f r e e  s u r f a c e .  S im ila r ly  u s in g  ( 3 .2 .3 )  in  th e  
e q u a tio n  ( 3 . 3 . 2 ) we g e t
* a
yg = \ {a* ^  + a4 ( -  £  -  a ' -  t x + 'C1'T1 ) ) d/>
tt  f f
P 4 , 1 •» 1 2 s= a r t  x -  a  ( ^  ^  + d + ^  -  + A .
 ^ kl 11But a t  f  = «> , 3^ = 1 , = d = 0 and = 1 , so t h a t
a i  2  1 4A — 1 — a + •
Hence
j £ = 1 + a2 Ct^-l) -  ^  {-c" + 6j -  S O ^ -l)2 } .
A
S u b s t i tu t in g  th e  v a lu e s  o f  and j  in  te rm s o f  <p , 
we g e t
y /, = 1 -  3a2 sech2t  + - 2 s l{ ( l+ 1 0 p 2 ) + 2 (2 -lO 0 -5 0 2 ) t  ta n h  t
200
-  5(3-40+402 ) ta n h 2 t )  sech2 t  ,
A
7, p  . N *
where t  = —*—  . Hence u s in g  th e  r e s u l t  ( 3 .3 .3 )  f o r  
2 70 '
we can  w r i te  th e  eq u a tio n  f o r  th e  f r e e  s u r fa c e  in  th e  form
y  = 1 -  3a2sech2 x '  + -2S-L {(1+1O02 ) + 2 (2 -lO 0 -5 0 2 ) x 't a n h
200
-  5 (3 -4 0 -4 0 2 ) ta n h 2 x '}  sech2 x '
( 3 .3 .4 )
t Z g ywhere x  = . I h i s  e q u a tio n  f o r  th e  f r e e  s u r fa c e  shows
2 >[p
th a t  when th e  flow  i s  s u b - c r i t i c a l  we g e t  waves o f  
d e p re s s io n  o n ly .
P ro ceed in g  as b e fo re  th e  e x p re s s io n s  f o r  th e  v e lo c i ty  
com ponents u , v  a re  g iv en  by
u = 1 + a2 ( l - x x) + 0 ( a 4 )
v  = a? 0-^  + O (a^) .
S u b s t i tu t in g  th e  v a lu e s  o f  ^  and 0^ in  term s o f  f  , we g e t
A
u = 1 + sech^ -2-£ + O (a^)
2 \Tp
A A
and v  = 4  sech2 ta n h  + O (a^) .
^0 2^0 2^0
Hence u s in g  ( 3 .3 .3 )  th e  v e lo c i ty  components u ,  v  a lo n g  th e  
f r e e  s u r fa c e  a re  g iv en  by
u  = 1 + 3a2 sech2 -2§§ + 0 ( a b  , ( 3 .3 .5 )
2  >10
v  = -p -a^  sech2 ta n h  + o(a5) . ( 3 . 3 . 6 )
V0 2 J 0 2 \Jp
t
I f  now b be th e  am plitude  o f  th e  wave a t  th e  c r e s t  c , 
th e n  from (3 .3 .4 -) we have
t h a t  i s ,
|  = 3a2 -  |  (1 + — ( 3. 3. 7)  
^  100
so th a t
3a2 = £  + £ (1  ♦ ^ ) (  |  ) 2 . ( 3 .3 .8 )
Hence from  ( 3 .1 .1 )  and ( 3 .3 .8 )  we can w r i te
2 z 2 
gh. -  e
-j ^ 2  1 2 n2= 1 -  3a + *r(3a )
= 1 - |  - - i -2 ( £  ) 2 . (3.3.9)
n 200 n
pThis r e p r e s e n ts  c /g h  in  te rm s o f  a m p litu d e /le n g th  r a t i o  
in  th e  ca se  o f  s u b - c r i t i c a l  f lo w . T his a lso  im p lie s  t h a t  
as 0 0 , th e  wave am plitude  b a ls o  te n d s  to  z e ro .
3.4* S o lu tio n  o f th e  problem  by L o n g 's  m ethod.
In  t h i s  s e c t io n  we show th a t  a method adop ted  by 
Long (1956) can  be a p p lie d  in  so lv in g  th e  problem  fo rm u la te d  
in  s e c t io n  1 .2  in  b o th  th e  c a se s  o f  su p e r and s u b - c r i t i c a l  
flow s and t h i s  w i l l  v e r i f y  th e  r e s u l t s  we have o b ta in e d  so 
f a r .
The boundary c o n d itio n  (1 .2 .1 0 )  a long  th e  f r e e  s u r fa c e  
y  = y^  can  be w r i t te n  as
Iwl2 + 2 y ( y - l )  -  2 V M .i = 1 , on y  = , ( 3 .4 .1 )
where 1 = £ $ / { ! +  ( g ) 2)572 .
dx
We now assume s o lu t io n s  o f  th e  form used  o r ig in a l ly  
by R ay le ig h  (1876) :
■ £ ( x , y )  = f  -  4 ,+ ^ ’4 .--------  <5 *4 *2)
3 5
S' (x ,y )  = f (1 V  -  f ( 5 7 z j ,+  f (5 ) ^ 5 ,------  ( 3 .4 .3 )
where f  = f ( x )  and f^ n '  i s  i t s  n th  d e r iv a t iv e .  These 
s o lu t io n s  s a t i s f y  th e  k in e m a tic  c o n d itio n s  ' f  = ^ a t  y  = 0 . 
They w i l l  s a t i s f y  th e  c o n d itio n  f  = 1 on th e  f r e e  s u r fa c e  
y  = J £ i f
1 = 3 T --------- • ( 3 .4 .4 )
D efin in g  th e  q u a n t i t i e s
y ^ - l  =«  , f ( l )  = i+>j_ ( 3 .4 .5 )
th e  eq u a tio n  ( 3 .4-.4-) can be w r i t te n  as
rj = -  e -  ( l+ O ^  > /2  ^ -  - ^ ( l + e ) ^  + ------
L C3.4-.6)
We now observe  th a t  6 i s  a q u a n t i ty  o f  o rd e r  S = ^
( i t  i s  equal to  c? a t  th e  c r e s t )  where b i s  th e  wave
am p litu d e . We assume th a t  th e  n th  d e r iv a t iv e  o f  $ and h 
1 n
a re  o r  o rd e r  W ith t h i s  assum ption  th e  e q u a tio n
( 3 .4*.6 ) can be so lv ed  by th e  method o f su c c e s s iv e
ap p ro x im a tio n s . We b eg in  by r e t a in in g  in  (3 .4 -.6 ) te rm s 
o f  o rd e r  ^ , i . e . ,
^  = -  € -  £ ( -£  -  6 ^  + "3 } ( 1+3 0  -
-  + o(<&b
= - 6  + e 2 -  £ 5 + £ ( 1 + 2 0  -  -3 , + 0 ( S h  .
' 1  ( 3 .4 .7 )
D i f f e r e n t i a t in g  (3 .4 -.7 ) s u c c e s s iv e ly ,  we g e t
.  -  £ «  .  2 2 £«  .  1 p  ,  0( I 7' - )  ,
V p  = - c}2> * 2 * 2 2  ^  . p  t  0 ( ^ j  ,
J<5) . . eC3) . o( S7/2) ,
p >  . - / * > . ocV*) .
Hence
^ 2> = - e<2> + 2 g C U 2 + 2 e ^  - £ e ^  + o ( ^ )  .
S u b s t i tu t in g  th e s e  v a lu e s  o f  (5 .4 -.7 )
g e t
^  .  .  e .  e 2 .  .  i e« o  ,  1 EW 2 .  ^  £ ( «  „ 0 ( r t .
(3.22.8)
Along th e  f r e e  s u r fa c e  y  = y ^ , we th u s  g e t
i ■ 5 -7 ^ 5 3 7 2 ■ <C2) * «<* •
2We now compute Iwl a long  th e  f r e e  s u r fa c e  y  = y ^ .  From 
( 3 .4-.2 ) ,  ( 3 .4-.5) and ( 3 .4-.8) we g e t  a long  th e  f r e e  s u r fa c e
u2 = ( | | ) 2 = 1 + 2 ^ +  ^ 2 -  ( 1+^+2 ^) )^2  ^ + + OC^4 )
= 1 . 2f + 3 ,2  _ 4e3 + | e(2) _ 4 e(l) 2 - § 6  6<2> +
+ + o ( ^ ) ,  ( 3 . 4 . 9 )
and
Hence a long  th e  f r e e  s u r fa c e  we have
• * 2 <i 2 2I w I —1 = u + v  -  1
,  -  2 f  ,  5e2 .  « 3  ,  | t<2 > .  1 S( U 2 _
-  f « ^  .  0 « *  .
The c o n d itio n  (3 .4 -.1 ) th e n  red u ces  to  
_ 2€  + 3 ,2  _ + 2 ^(2 ) _ 1 6( 1 ) 2 -  § *  6<2> +
+ + 2 Ve -  2 Vm <s(2 > = o ( S h
( 3 .4 .1 1 )
We assume t h a t  ^  can  he ex p ressed  in  th e  form
y  = = 1 + + a2 2^ + + O ( ^ ) .  ( 3 .4-. 12 )
S u b s t i tu t in g  t h i s  in  (3 .4-.11) we g e t
362 -  4 £5 + I d - S M ) ^ 2  ^ -  “ f ( ^  +
+ 2 <2S (a , + apS) -  2Ha,$<^2  ^ = 0 (^ 4 ) .
( 3 .4 .1 3 )
In  o rd e r  to  so lv e  t h i s  eq u a tio n  f o r  £ , we n e g le c t  te rm s
o f o rd e r  ^ ^ i n  th e  f i r s t  ap p ro x im atio n  and we have
2«  = -  3 (2 a1 Sfe + 362 ) ( 3 .4 .1 4 )
where a  = 1 -  3M. An in t e g r a t io n  o f t h i s  e q u a tio n  
g iv e s
2.
a  £ = -  3 (a 2_ b + £ ) 6
th e  c o n s ta n t o f  in t e g r a t io n  v a n ish e s  s in c e  €
(3.4.15)
as Ixl —> oo . M oreoever, a t  th e  c r e s t  € = 0 and
£ = a  so t h a t  we shou ld  have a^ = -  1 .  W ith t h i s  v a lu e
o f  a-^, (3 .4 .1 5 )  red u ces  to
a  e (1 ) = 3( S -  €  ) e 2 . ( 3 .4 .1 6 )
\ u
r.-j. zo> )
9?he eq u a tio n  (3 .4 .1 6 )  shows t h a t  i f  a  > 0 ,  th e n  f o r  r e a l  
v a lu e s  o f  6 , we shou ld  have S > £ > 0 (F ig . 2 ( a ) ) .  I n
o th e r  words i f  a  > 0 ,  we g e t  waves o f  e le v a t io n .  S im i la r ly  
a  < 0 im p lie s  0 > 6 > b  which g iv e s  waves o f  d e p re s s io n .
F in a l ly ,  in te g r a t in g  (3 .4 .1 6 )  we g e t
£ = b s e c h ^ j l ?  x4a (3 .4 .1 7 )
and hence th e  f r e e  su r fa c e  i s  g iv en  by
y = 1 + % sech* *4a x . ( 3 .4 .1 8 )
T his c o in c id e s  w ith  (2 .3 .7 )  o r  ( 3 .3 .4 )  up to  th e  f i r s t  
ap p rox im ation  ac co rd in g  as a  > 0 o r  a  < 0 .
From (3 .4 .1 2 )  we have w ith  a-^  = -  1 ,
i f  = l  -  S + 0 (^ 2 ) .
c
T his shows t h a t  when a  > 0 th e  flow  i s  s u p e r - c r i t i c a l  and 
when a  < 0 , th e  flow  i s  s u b - c r i t i c a l .
F or th e  n e x t h ig h e r  ap p ro x im atio n  we g e t from  (3 .4 .1 3 )  
w ith  a^ = -  1 ,
2a  = 6 € S - 962 + 12£5 + 6 ^  + 2 £ 6 ^  -
-  6 £ a.2 S ^ -  6 + O(S^) ,
t h a t  i s ,
2a^ = 6a  -  9a6*  ^ + 12a 6^  + 9c>€  ^ -  12£^ -  6 aa2 ^ 6
-  9M(2  ^ - 3 0 ^ 6  -  + O ( ^ )  .
(3.4.19)
Differentiating this successively, we get 
2a2 = 6aS 6 ^  - 18a€e(1  ^ + 0(^7/2) ,
2a2 = 6 a ^  - 18a 6 e ^  -  18a 6(1^2 + 0(?>4)
= 3 $  (6^S -9€2) - 9£(66c> -942) - l8.3.(S-e)62
+ 0 (V b
= 18<??>2 -  1 3 5 ^ e 2 + 135 6  ^ + o 6 t  .
Hence from (3.4.19) we get
2a5 = 6a2 £e- -  9a2 £ 2 + 3 (4 a2 -  4a -  3 X 3 -
-  9 (a 2 -  2a  -  1 ) W  2 -  | ( 5a2a2- 5a2+5a + l)S 2 ^ . 
I n te g r a t in g  t h i s  we g e t
a3 € (l)2 = 3a2  ^62 - 3a2e5 - 3(a2-2a-l)S (f3 -
-  • |(5 a 2a2-5 a 2+ 5a+ l)$2 e2 + 0 (^ 3) . ( 3 .4 .2 0 )
S in ce  a t  th e  c r e s t  €   ^ = 0 and 6 = a  , we g e t  from
(3 .4 .2 0 )  t h a t
ap = 1 + —K f  . ( 3 .4 .2 1 )
 ^ 20 a
T h ere fo re
■^ 7 = V = l - ^  + ( l +  — S ^ + O(V^)
c 20 a
w hich i s  i d e n t i c a l  to  ( 2 .4 .2 )  o r  ( 3 .3 .9 )  acco rd in g  as th e  
flow  i s  su p e r o r  s u b - c r i t i c a l .  U sing (3 .4 .1 7 )  in  th e  
eq u a tio n s  ( 3 .4 .9 )  and (3 .4 .1 0 )  th e  e x p re s s io n s  f o r  u  and v  
a long  th e  f r e e  su r fa c e  have been  found to  c o in c id e  w ith  th e  
r e s u l t s  o b ta in e d  in  s e c t io n s  2 .3  and 3 . 3 .
Sub-division B
The G en e ra tio n  o f  C a p i l la ry  Waves by S teep  
S o l i t a r y  Waves
C hap ter 4 .
4-.1 Introduction
T his c h a p te r  d e a ls  w ith  th e  e f f e c t s  o f  s u r fa c e  te n s io n  
on an advancing  s o l i t a r y  wave o f  f i n i t e  s te e p n e s s .  The 
method we have employed i s  i d e n t i c a l  to  t h a t  u sed  by 
L onguet-H igg ins (1963) in  so lv in g  a  s im i la r  problem  in  th e  
ca se  o f  p e r io d ic  waves on deep w a te r .
On th e  fo rw ard  fa c e  o f  g r a v i ty  waves in  w a te r  th e r e  i s  
som etim es observed  a t r a i n  o f  s h o r t  c a p i l l a r y  w aves, c a r r i e d  
fo rw ard  more o r  l e s s  s t e a d i l y  w ith  th e  g r a v i ty  w aves. The 
c a p i l l a r i e s  a re  s p e c ia l ly  n o t ic e a b le  when th e  g r a v i ty  waves 
a re  n e a r  to  t h e i r  maximum s te e p n e s s .  Some a t t e n t i o n  was 
drawn to  th e s e  c a p i l l a r i e s  by S c o t t  R u s s e ll  (1 8 4 4 ).
Recently Munk (1935) predicted that they might be due to 
some kind of disturbance located near the crest of the wave. 
Cox (1956) also noticed these facts in his experiments in a 
model wave tank. In investigating the reasons for the 
generation of these capillaries Longuet-Higgins (1963) has 
proceeded on the following idea: when a progressive gravity
wave approaches its maximum steepness it develops a sharp 
crest, at which the surface tension should be locally 
important. This gives rise to a travelling distrubance 
which produces a train of capillary waves on the forward 
face of the gravity wave.
L onguet-H igg ins in v e s t ig a te d  th e s e  f a c t s  m a th e m a tic a lly  
in  th e  case  o f  p e r io d ic  waves on deep w a te r . He s t a r t e d  
w ith  th e  s o lu t io n  o f a b a s ic  g r a v i ty  wave problem  as o b ta in e d  
by D avies (1951) and th e n  in tro d u c e d  some p e r tu r b a t io n  te rm s 
due to  s u r fa c e  te n s io n  in  th e  g o v ern in g  eq u a tio n s  o f  th e
b a s ic  p rob lem . Assuming th e s e  p e r tu r b a t io n s  to  be sm all 
in  com parison w ith  th e  o th e r  te rm s , he o b ta in e d  a s o lu t io n  
o f th e  p e r tu r b a t io n  e q u a tio n s  in  th e  form o f  a p u re  
c a p i l l a r y  wave.
Our o b je c t  in  t h i s  p a r t  o f  th e  th e s i s  i s  to  in v e s t ig a te
s im i la r  phenomenon when th e  b a s ic  g r a v i ty  wave i s  a s o l i t a r y  «
wave on a un ifo rm  ca n a l o f  f i n i t e  d ep th  h .  F o llow ing  th e  
p ro ced u re  adop ted  by L onguet-H igg ins (1963) we have 
fo rm u la te d  th e  problem  in  s e c t io n  4 .2 .  In  s e c t io n  4 .3  th e  
problem  has been  reduced  to  a s o l i t a r y  wave problem  and th e  
p e r tu r b a t io n  term s have been  in tro d u c e d . In  s e c t io n  4 .4  
we have u sed  th e  s o lu t io n  o f th e  s o l i t a r y  wave problem  as 
o b ta in e d  by Pacfcham (1 9 5 2 ). The p e r tu r b a t io n  s o lu t io n  has 
been  o b ta in e d  in  s e c t io n  4 .3  and in  th e  l a s t  s e c t io n  i t  has 
been  shown th a t  th e  p e r tu r b a t io n  s o lu t io n  co rresp o n d s  to  a 
p u re  c a p i l l a r y  wave.
4 .2  S ta tem en t o f th e  problem
We c o n s id e r  tw o-d im ensional i r r o t a t i o n a l  wave m otion  
p ro p a g a tin g  a long  th e  le n g th  o f  a un ifo rm  ca n a l o f  f i n i t e  
d e p th  h w ith  a  c o n s ta n t v e lo c i ty  c .  A c a r t e s i a n  c o o rd in a te  
system  (x ,y )  i s  chosen w ith  o r ig in  a t  th e  c r e s t  o f  th e  wave, 
x - a x is  p o s i t iv e  in  th e  d i r e c t io n  o p p o s ite  to  t h a t  o f  
p ro p a g a tio n  and y - a x is  p o s i t iv e  v e r t i c a l l y  downwards. The 
f l u i d  m otion  i s  th e n  reduced  to  a s te a d y  s t a t e  by 
su p e rp o sin g  on i t  a  uniform  v e lo c i ty  -  c .
S ince  th e  f l u i d  i s  c o n s id e red  to  be in c o m p re ss ib le  and 
th e  m otion  i s  i r r o t a t i o n a l ,  a  v e lo c i ty  p o t e n t i a l  and a 
stream  fu n c tio n  'f' e x i s t  such t h a t
= u  dx + v  dy
(4.2.1)
= - v dx + u dy
where u  and v  a re  th e  h o r iz o n ta l  and v e r t i c a l  v e lo c i ty  
com ponents a t  a  g e n e ra l p o in t  p ( x ,y ) .  In tro d u c in g
x  + iy  = z , (^+ i j ' s  w ,
we have from  (4 .2 .1 )
. dw
U“ 1V '2> x + : L '2 X dz * ( 4 .2 .2 )
From B e r n o u l l i f s eq u a tio n  we have a long  th e  f r e e  
su r fa c e
^■(u2-fv2 ) -  gy + j  ~  = c o n s ta n t ,  ( 4 .2 .3 )
where T i s  th e  su r fa c e  te n s io n  c o e f f i c i e n t  and R i s  th e  
r a d iu s  o f  c u rv a tu re  a t  a p o in t  (x ,y )  on th e  f r e e  s u r f a c e .  
On th e  b ase  o f  th e  c a n a l v i s  everyw here z e ro .
O le a r ly ,  th e  f r e e  s u r fa c e  and th e  b ase  a re  s tream  
l i n e s .  We choose th e  f r e e  s u r fa c e  to  be ^  = 0 and a lo n g
th e  b ase  we th en  have ^  = = c h . We a ls o  ta k e  = 0
a t  th e  c r e s t  o f  th e  wave.
F o llow ing  L e v i-C iv ita  (1923) i t  i s  co n v en ien t to  
in tro d u c e  a new dependent v a r ia b le  £  = T -  i 0 d e f in e d  by
u  -  iv  = q e " ^  = c e^ ( 4 .2 .4 )
so t h a t  we have
u = q cos 0 , v  = q s in  0 . ( 4 .2 .3 )
The q u a n t i t i e s  q and 0 th u s  r e p r e s e n t  th e  m agnitude and 
d i r e c t io n  o f  v e lo c i ty  r e s p e c t iv e ly .  C le a r ly  th e  fu n c t io n  
£ i s  a  r e g u la r  fu n c t io n  o f  u -  iv  and hence o f  w.
We now c o n s id e r  <j> and y  as in d ep en d en t v a r ia b le s  o f
th e  problem  and a ttem p t to  f in d  z and £ in  term s o f them .
In  term s o f  th e  new dependen t v a r ia b le s  0,*T th e  r a d iu s  
of c u rv a tu re  R a long  a stream  l i n e  S ' = c o n s ta n t i s  g iv en  by
I  _ U L
R "c> s “
"be o r
where s d en o tes  a rc  le n g th .  And s in c e  —7- = —
<^f>
we can w r i te
1 C * 2 1  = = ^ .  ( 4 .2 .6 )
R ' i t  ^ y
The boundary  c o n d itio n  ( 4 .2 .3 )  th e n  red u ces  to
-  gy + T ^ 2 . = c o n s ta n t ,  on = 0 , ( 4 .2 .7 )
1 2 2c  1 *D '(ec) *o r ,  -gc e -  gy + cT —  ^ ' = c o n s ta n t ,  on y  = 0 ,
^  ( 4 .2 .8 )
t
where T = T /p . And th e  k in e m a tic  c o n d itio n  on th e  bed 
o f  th e  c a n a l i s  th en
0 = 0 on y = y ^  = ( 4 .2 .9 )
D iv id in g  th e  e q u a tio n  ( 4 .2 .8 )  by c and th e n  
d i f f e r e n t i a t i n g  i t  w ith  r e s p e c t  to  (j> we have
?L  { l e2T + = 0 , on f  = 0 .d^cj> 2 c ^2
Since
th e  above e q u a tio n  can be w r i t te n  in  th e  form
4 .3  Method o f  A pproxim ation
In  th e  z e ro -o rd e r  ap p rox im ation  we n e g le c t  th e  s u r fa c e  
te n s io n  e n t i r e l y  and assume t h a t  th e  flow  co rresp o n d s  to  a 
p u re  g r a v i t a t io n a l  s o l i t a r y  wave. We deno te  a l l  q u a n t i t i e s  
r e f e r r i n g  to  t h i s  b a s ic  flow  by a s u f f ix  *0*. Then from
( 4 .2 .7 )  we have a long  th e  f r e e  s u r fa c e
^ q 0 -  gyQ = c o n s ta n t ,  on = 0 , ( 4 .3 .1 )
and from  (4 .2 .1 0 )  we g e t
o r
c
0 , on '■p = 0 . ( 4 .3 .2 )
The boundary c o n d itio n  ( 4 .2 .9 )  th e n  becomes
( 4 .3 .3 )
In  a d d i t io n  6 and "£ s a t i s f y  th e  fo llo w in g  c o n d it io n s
eft % 0 = 0 , oft eQ = 0 , ( 4 .3 .4 )
I <j> I —> OO I I —> oo
e0 = 0 , on <J> = 0 , (0  < Y x) . ( 4 .3 .5 )
Also 0 =■ 0 at 9 = ^ = 0  except when breaking occurs.
The condition (4.3.4) is due to the fact that the basic 
wave motion is assumed to die out asymptotically as 
x ±  °° and the condition (4.3.5) represents that it is 
symmetric about the vertical below the crest.
We now write
£ = t 0 + >^x , a = <30 + <!]_, etc.
in the equations of the previous section, where ^ , qQ , 
etc. represent the basic solitary wave due to gravity only 
a*1*! Q-i* etc. represent the perturbation due to surface
tension. We assume that the perturbation due to surface 
tension is small and as such we neglect the square and 
higher powers of perturbation terms in the subsequent 
calculations.
From
i ^o+ i^ <c0+ V i(eo+ei)u - xv = ce = ce = ce
f \ -i(0 +0t)= (^otc^e o 1 '
it follows that
%  + ql = ce = ce (1+ri^
. ., ?0 , rrwith qQ = ce and q^ = ct^ e
Simiarly
(yo+yi) n , i ,
—  =   sin. (0 +0.) = — ;=------ sin (0 +0.)
^<j> 0 1 c e ^ C L + tp  0 1
e~^o ( s in  0^ + 0. cos 0 -  /C1 s in  0 ) ,0 1 o 1 o
1 - tb u t  — ~ = — e 0 s in  0^ , hence
n > $  c  0
i  e“”^ °  ( 0n cos 0^ -  '£1 s in  0 )^  c 1 o 1 o'
= -  Re { i  e ^ c ^ o ^ - i e . ^  } . (4 .3 .5 )
The principal boundary condition ( 4 .2 .7 )  then becomes
2 * 0 + %<!! - b ( j 0 * 7 ± ) + T ( ^ jr + 7TT; ) = constant,
on y  = 0 ,
and s u b tr a c t in g  from t h i s  th e  boundary c o n d itio n  ( 4 .3 .1 )  
f o r  th e  b a s ic  flo w , we g e t
qn<Ti - S7t + 1 J— " = - T — - + constant, on y  = 0.
* *  ( 4 . 5 > 7 )
. . * ~d ^oFrom this condition it follows that the term - T <srr-
which was n e g le c te d  in  th e  ze ro  o rd e r  app rox im ation  becomes
a fo rc in g  term  f o r  th e  p e r tu r b a t io n .
In terms of 0Q , 'L , 0-^ , ^  the boundary condition
( 4 .3 .7 )  can be w r i t te n  as
e ^ °  — y-, + ~  CC, e1'0) = -  ~  —  (e 1*0) + c o n s ta n t ,1 2 ^ 1 0  v \L c ^  v ’
c on y  = 0 .
D i f f e r e n t i a t in g  t h i s  w ith  r e s p e c t  to  cj? , we g e t
+ T 2 .  (*  g ^ o )} _ s i l l  _ _ ® J L L  ( e L°')
on y  = 0 ,
and th e n  u s in g  ( 4 .3 .6 )  th e  above e q u a tio n  red u ces  to
— v e2T° + I —  ( \  e'C°)} + Ee { ~ ^ r ( V iei ^ _(l:°"ieo)}1 c 'd f  1 ic ^  1 1
= -  c ' - ^ F t (e,Co) ’ on t = 0 >  (4> 5*8)
A lso , 6^^ = 0 , on T =  ' f i  • ( 4 .3 .9 )
S in ce  th e  p e r tu r b a t io n s  a re  assumed to  be sm all
r e l a t i v e  to  th e  b a s ic  f lo w , i t  i s  n e c e s s a ry  t h a t  th e  s u r fa c e  
*te n s io n  term  T ^ p -  be sm all compared to  th e  term s in  th e  
boundary  c o n d itio n  ( 4 .3 ,1 )  • Thus in  p a r t i c u l a r  we sh o u ld
have
T spf < < 2  ^o ’
i . e .  T* —  (ceT°)  < < -^c2 e2 t ° ,
i . e .  |  —  < < ie ^ o  . ( 4 .5 .1 0 )c ^  ^
4 .4  The B as ic  S o l i t a r y  Wave
The expansion  method adopted  by L e v i-C iv i ta  (1923) i s  
n o t s u i t a b le  f o r  so lv in g  th e  s o l i t a r y  wave p rob lem . T his 
f a c t  has a ls o  been m entioned in  s u b -d iv is io n  A o f  th e  
t h e s i s .  For waves o f  f i n i t e  s te e p n e s s  th e  approach  adop ted  
by D avies (1931) f o r  p e r io d ic  waves and by Packham (1952) 
f o r  s o l i t a r y  waves ap p ears  more s u i t a b l e .  B oth o f  them 
have n o te d  t h a t  i f  in  th e  second .term o f ( 4 .3 .2 )  s in  0Q i s  
re p la c e d  by Z s in  3Qq , where Z i s  an approxim ate c o n s ta n t  
depending on th e  a m p litu d e /le n g th  r a t i o , th e n  one has
e-5C° s in  50_ = 0 , on -'P = 0 . ( 4 .4 .1 )
cr
*"3 dS ince  —r = -5— = -  i —  , th e  c o n d it io n  ( 4 .4 .1 )  can he ^  dw O t
w r i t te n  as
Im { i  -^2. « ^  e” ^ o  } = 0 , on 'f' = 0 .  ( 4 .4 .2 )
An e x a c t s o lu t io n  o f t h i s  b a s ic  s o l i t a r y  wave problem  
s a t i s f y in g  a l l  th e  c o n d itio n s  p o s tu la te d  b e fo re  has been  
o b ta in e d  by Packham (1952) and h i s  s o lu t io n  i s  g iv en  by
e ^ °  = 1 -  s in 2 K ^  sech2 ^  (w -  i f ^ )  , ( 4 .4 .3 )
where ^  i s  a  c o n s ta n t s u b je c t  to  th e  c o n d itio n
0 < K'>'l <: V 3  ,
and f o r  th e  h ig h e s t  wave = tc/3 . Thus
uQ -  iv Q = ce^° = c { l — s in 2 sech2 ^ k (w -i4 ^ )
( 4 .4 .4 )
The eq u a tio n  ( 4 .4 .3 )  can a ls o  be w r i t te n  in  th e  form  
2 cosh2 ^ ( w - i t p  -  2 s in 2 k
S  ^  —  — — — — 1  .  . . .  ! ■ ■ ■ » — g —  ■ I . . . ..... . I .    II .......   .1  II— — — — .
2 cosh  t jK (w - i^ )
cos 2 k ^  + cos k cosh  Kw -  i  s in  s in h  Kw 
1 + cos cosh  kw -  i  s in  K s in h  Kw
so t h a t  n e a r  w = 0 , we can w r i te
3
5 e? i° = (H j = °3 iVcos'icV-1' {<cos 2k f l  + cosK V
Q
/2 s in  k.'K \  o
-  iKw s in  K^ x ~ .w -)  + 0 (w ) )  .
( 4 .4 .5 )
From t l i i s  r e l a t i o n  i t  fo llo w s  t h a t  i f  0 < K ^  < m /3, 
th e n
( § | ) 3 = A + 0(w) ,
where A i s  a  p o s i t iv e  r e a l  c o n s ta n t ,  so t h a t  
I m ( e ^ ° )  = 0 a t  w = 0 .
But i f  K Y = m /3 , th e n
( | f ) 3  =  -  C 5  +  ° ( w 2 )
o r ,  dw = B w1^  + 0 (w ^ ^ )  ,
* dz
where B /  0 .  This shows t h a t  n e a r  th e  c r e s t ,  th e  wave has 
th e  form o f  a  wedge o f an g le  120° , ' which i s  th e  f a m i l i a r  
S tokes* r e s u l t .
A .5 The P e r tu rb a t io n  S o lu tio n
S in ce  we a re  lo o k in g  f o r  a  s o lu t io n  in  th e  form  o f  a
c a p i l l a r y  wave, we s h a l l  in  th e  f i r s t  in s ta n c e  n e g le c t  th e
g r a v i t a t i o n a l  term s in  e q u a tio n s  ( 4 .3 .7 )  an<3- (4 - .3 .8 ) in  
com parison w ith  th e  s u r fa c e  te n s io n  te rm s . L a te r  we s h a l l  
show t h a t  n e g le c t in g  o f  g r a v i t a t io n a l  term  i s  r e a s o n a b le .  
E q u atio n  (4 -.3 .7 ) th en  becomes
• Q * '~}i 0-0 ' . »
+ T i f 1 = " T ^ r r  » on ^  = 0 » O . 5 . 1 )
CL
in  w hichAc o n s ta n t term  i s  n e g le c te d  s in c e  i t  has no e f f e c t  
on th e  m o tio n . S ince qQ = c e C° and q.^  = c<^ e ^ ° , th e  above
e q u a tio n  red u ces  to
c S ,  ) =  -  T 'c ^ ° ) , ^
o r ,
Zto
Z , e - +  f  K 0 — i +  c . i 1 — 0 ] =  -  -L f 0 hx.,
^  V ^  - e r  J  ^  ^  ’ ;
o r ,
r^T° I ^ V o - L  '^'Cl^  --L — D,<m S ^ o  (/, t rvy
1 ^ + - ^  ^ J  ' +  ™ ^  ^  T +  5 r  > ( S - 5 T 2 J
I
where m = c /T  .
I t  i s  co n v en ien t to  w r i te  th e  eq u a tio n  (4 -.5 .2 ) i n  th e
form
P ( f  ) ^  = -  i  Q(f ) , on f  = 0 , ( 4 .5 .3 )
where
“ 4 'i’to  { <*.5.»)
The fu n c tio n s  and 0^ s a t i s f y  th e  tw o-d im ensional 
L ap lace  e q u a tio n  and
0 as ' V - *  'i'-L . ( 4 . 5 . 5 )
Now l e t  us make th e  conform al tr a n s fo rm a tio n
/J  ^ = a  + i{3  =
t+ i 'P
P(w) dw , ( 4 .5 .6 )
where P(w) i s  a fu n c tio n  o f th e  complex v a r ia b le  w = tf> + i ^
which i s  eq u a l to  P(40 on = 0 . Then on '-p = 0 , we have
B = 0 f o r  a l l  cb and so a ls o ^ -S  = 0 .  T h erefo re  
T
*^ 1  _ ^  ^ 1  "5a
• j f ' S  ” ^ a  + <~i p
= , on f  = 0 . ( 4 .5 .7 )
A lso a  = 0 on <b = 0 f o r  a l l  ^  and hence 
Pi P ( i f )  , ( 4 .5 .8 )
o
where (3^ is the value of p at f  ^  along <f> = 0 .
Because of (4.5.7) the condition (4.5.3) reduces to
1 *”B/C. i *|
p^ { / t l + i ^ T } = - s  Q (f), on p = 0 ,
o r ,
-fctn - .
m C f + = -  R (a ) , on (3 = 0 , ( 4 .5 .9 )
where
R (a) = . ( 4 .5 .1 0 )
U sing th e  Oauchy-Riemann c o n d i t io n , t h i s  becomes
^  0-,
m C l  + f^oT = “ ’ on p = 0 .
D i f f e r e n t i a t in g  t h i s  w ith  r e s p e c t  to  a ,  we g e t
A lso 0^ s a t i s f i e s  th e  e q u a tio n  
2A 2fi
" ^ 1 . ^ 1  ^ fu c no)— + ——w— — 0 , Q 4 .5 .12 /
^  a  ^  P
and th e  c o n d itio n
01 = 0 , on p = px . ( 4 .5 .1 3 )
The u se  o f  F o u r ie r  tran sfo rm
oo
6 1 ( / ^ , p )  = f  e 1 ( a , p )  e ^ a  d a
—OO
to  th e  eq u a tio n  (4 .5 .1 2 )  g iv e s
d2-0*
 = 0 . ( 4 .5 .1 4 )
dp
S im ila r ly  th e  boundary c o n d itio n  ( 4 .5 .H )  and (4 .5 .1 3 )  
red u ce  to
d0i o“ f°°
m 0-j^  = *“ i  ( R(oc) e ’V^doc
—oo
= -  2 i ^ r ( / 4 )  , on p = 0 , ( 4 .5 .1 5 )
and 01 = 0 , on p = , ( 4 .5 .1 6 )
oo
where r(/*0 = ^  R(oc) cos yu-oc da  , s in c e  R(a) i s  an even
o
fu n c t io n  o f  a .  A s o lu t io n  o f  (4 .5 .1 4 )  s a t i s f y in g  (4 .5 .1 6 )
i s
^ ( / ^ S P )  = A< /) s±nh /* -(P i-P )
and t h i s  s a t i s f i e s  (4 .5 .1 5 )  IP
A (/*-) = __________ 2 i r  (as) ________in cosh  ytL p-^  -  ^  s in h  /u. p^
Hence
2 ir ( /^ )  s in h y ^ (p ^ -p )
= m cosh  /c  p^ -  ^  s in h  /u- p^ (4 .5 .17 )
T h ere fo re  by th e  in v e rs io n  fo rm u la
oo
01 ( a ,p )  = ^  ( 0q (y ^ ,P )  e :L^ a  d/u-
we g e t
V (/f) /t-u J 'C
*Vr\ yu. j$  ^ ^  4> Uw^ ^ A  ' (V  5-,
The p a th  o f  in te g r a t io n  i s  th e  r e a l  a x i s .  S in ce  th e  
in te g ra n d  has two sim ple p o le s  a t  (sa y )  th e  p a th
o f i n t e g r a t io n  has been in d e n te d  a t  th e  p o in ts  /Ll = i  
in to  th e  upper h a l f - p la n e  as shown in  f ig u r e  3 .
Mp-
r \
v ,
One f in d s  e a s i ly  t h a t  th e  in te g ra n d  ( in  4 .5 .1 8 )  behaves
f o r  la rg e  l i k e
- 1^| p
h
, s in c e  0 < p p^ . I t  i s
th e r e fo r e  c l e a r  t h a t  th e  i n t e g r a l  converges u n ifo rm ly . We 
a re  in t e r e s t e d  in  th e  a sy m p to tic  b eh a v io u r o f  0^ f o r  l a r g e
loci and this will be discussed as follows.
We f i r s t  c o n s id e r  th e  b eh a v io u r o f  0^ f o r  a  l a r g e  and 
n e g a t iv e .  In  c o n s id e r in g  th e  c o n t r ib u t io n  o f  th e  s e m ic irc le s
Thus f o r  any c lo se d  p o r t io n  o f th e  s e m ic irc le s  w hich ex c lu d es  
th e  e n d -p o in ts  th e  c o n t r ib u t io n  to  th e  in t e g r a l  te n d s  to  
zero  as a  -  00 , and hence a ls o  f o r  th e  whole o f  th e  
s e m ic i r c le s . The s t r a i g h t  p a r t s  o f  th e  p a th  a ls o  make
c o n tr ib u t io n s  w hich v a n is h  f o r  la rg e  loci by th e  Riemann- 
Lebesgue theorem . Thus 0 - ^ 0  as a  .
When a  i s  p o s i t iv e  we canno t conclude t h a t  th e  
s e m ic irc u la r  p a r t s  o f  th e  p a th  ( f ig u r e  3) make v a n is h in g  
c o n t r ib u t io n s  f o r  la rg e  oc s in c e  th e  exponent e~'L^ (X now has 
p o s i t iv e  r e a l  p a r t .  We th e r e fo r e  make u se  o f  th e  s ta n d a rd  
p ro ced u re  o f  deform ing th e  p a th  th ro u g h  th e  p o le s  a t  
yU. _ ± in to  th e  low er h a l f - p la n e  ( f ig u r e  4-) and 
s u b tr a c t in g  th e  r e s id u e s  a t  th e s e  p o in t s .  I t  i s  c l e a r  t h a t  
th e  s e m ic irc le s  in  th e  low er h a l f - p la n e  (d o tte d  l i n e s  in  
f ig u re  4) make v a n ish in g  c o n t r ib u t io n  to  0-^  a s  a  - )■+«> :
at. we see  t h a t  in  th e  u pper h a l f - p la n e  n e a r
ytc -  i  th e  exponent in  e~1^ a  h as  n e g a tiv e  r e a l  p a r t .
th e  argum ent i s  th e  same as was used  above. T his le a d s  to  
th e  fo llo w in g  asy m p to tic  r e p r e s e n ta t io n  (o b ta in e d  from  th e
c o n tr ib u t io n  a t  th e  p o le s  -  i v a l i d  f o r  a  la rg e  and 
p o s i t iv e  :
4-r(A )
01 ( a ,p )  r^  sinl1 A iC P i^ P ) c o s / ^ a  , (4 -.5 .19)
where
= (mp1~ l)  s i n h / ^ ^  -  / ^ P ^  cosh  / C1 P1
s in h  A , Pi o o
1 I  {(m2- /^ 2 )3 1-m} /  0 .m
T h ere fo re
V 18! '
f t  s in /^ C  /L -  ±3^ )^ , a > 0 , 1
( 4 . 5 . 2 0 )
0 , a  < 0 ,
y
4-r(A )
where b = ^  j  . In  th e  su b seq u en t s e c t io n  we s h a l l  show 
th a t  th e  e x p re ss io n  b s in  /*s^( 7[ -  ijE^) co rresp o n d s to  a  p u re  
c a p i l l a r y  wave.
I t  i s  a p p ro p r ia te  a t  t h i s  p o in t  to  n o te  t h a t  th e r e  i s  
an e r r o r  in  th e  co rresp o n d in g  a n a ly s is  in  L o n g u e t-H ig g in sf 
(1963) p ap e r a t  t h i s  s ta g e .  He g iv e s  as th e  a sy m p to tic  
r e p r e s e n ta t io n  o f
- i t ( o c + i p )_ \ V vj ^
1 " 1  " n t  -  c /T
th e  e x p re s s io n  -c
t (oc+i{3)
2 i r ( c /T  ) e , a  < 0
f . - i 0  ^  y  (4-. 3 .2 1 )
0 , a  > 0
The c o r r e c t  asy m p to tic  v a lu e  i s  g iv en  by
-  2 i r O | r ) e
(ot+ip)
, a  > 0
0.5.22)
0 a  < 0
S in c e , how ever, th e  e x p re s s io n  2 ir ( - ^ ,) e
( o t + i p )
i s  a
s o lu t io n  o f  th e  homogeneous e q u a tio n , we can add any 
c o n s ta n t  m u lt ip le  o f  t h i s  e x p re s s io n  to  th e  r ig h t-h a n d  s id e
o f  (4 .5 .2 2 )  and we s t i l l  g e t  a  s o lu t io n .  Thus, in
.c v -iS i(o c+ ip ) p a r t i c u l a r ,  add ing  th e  e x p re s s io n  2 i r ( - ^ f ) e on th e
r ig h t-h a n d  s id e  o f  (4 .5 .2 2 )  we g e t  (4 .5 .2 1 )  as a p o s s ib le
s o lu t io n  o f  th e  problem . S in ce  th e  c a p i l l a r y  waves
g e n e ra te d  by a t r a v e l l i n g  d is tu rb a n c e  ten d  to  o ccu r fo rw ard
o f  th e  so u rce  (Lamb, 1912), on p h y s ic a l  argum ents th e
p r a c t i c a l  s o lu t io n  o f h i s  problem  i s ,  t h e r e f o r e ,  g iv e n  by
( 4 .5 .2 1 ) .  L onguet-H igg ins has n o t made i t  c l e a r  t h a t  th e r e
a re  an i n f i n i t e  number o f  s o lu t io n s  o b ta in e d  by add ing
a r b i t r a r y  m u lt ip le s  o f  th e  homogeneous s o lu t io n  and t h a t  th e
s o lu t io n  (4 .5 .2 1 )  i s  chosen  on p h y s ic a l  a rgum ents, nam ely
t h a t  f o r  c a p i l l a r y  waves th e  group v e lo c i ty  exceeds th e  phase
v e l o c i t y .
We now go back  to  our problem  and by s im i la r  argum ents 
we see  t h a t
/ 4 r (/u-1 )
0 , a  > 0
( 4 .5 .2 3 )
i s  a ls o  a p o s s ib le  s o lu t io n  o f  o u r p rob lem . Then as above 
on p h y s ic a l  argum ents we choose (4 .5 .2 3 )  as th e  r e q u ir e d  
s o lu t io n  o f  our p roblem .
In  p a r t i c u l a r  when a  < 0 and l a r g e ,  we have
^  b s i n / ^ 1 ( / l  -  i p 1 ) , ( 4 . 5 . 2 4 )
where
4 r  Q*- ) y °°
^ = = cos A^oc da
o
oo
= “ H ( £ p  f  § £ t } ( C0 SA i a) | ^ d# •
O
^  ~7>t
S in ce  —7  = P(f) on p = 0 , and Q(fc) = — — t h i s  l a s t
e x p re s s io n  becomes
b = " TT[^ 7 j" ^ j7~  cos / x3a d  ^ » (4 .5 .25 )
o
where
r T
a  = P(<fO d £  . ( 4 .5 .2 6 )
In  th e  e x p re s s io n  f o r  P (^ )  in  ( 4 .5 .4 )  th e  r a t i o  o f
th e  second term  to  th e  f i r s t  i s  sm a ll , by ( 4 .3 .1 0 ) ;  so t h a t
to  t h i s  ap p ro x im a tio n , we have
P0f>) = eto  (4 .5 .27 )
and hence ^
a  = C eto  &<b . ( 4 .5 .2 8 )
4 .6  D isc u ss io n
The s o lu t io n  (4 .5 .2 4 )  r e p r e s e n ts  a wave up stream  o f  
th e  c r e s t ,  i . e .  on th e  fo rw ard  fa c e  o f  th e  g r a v i ty  wave
I t  i s  s t a t io n a r y  w ith  r e s p e c t  to  th e  moving c o o rd in a te
system , hence th e  phase v e lo c i ty  w ith  r e s p e c t  to  th e
su rro u n d in g  medium i s  equa l to  -  qQ.
Prom (4 .5 .2 4 )  th e  wave number k i s  g iv en  byc
k.
But a = P( f )  = o ' 0 = qQ/ c ,  hence
kc = qo A l / c  •
a
( 4 .6 .1 )
S in ce  s a t i s f i e s  th e  e q u a tio n
m c o s h A iP i ~ A l  s i n h / A-1 P1 = 0
we have
i . e .
-  m co th ^ -^p ^  = c o t h /^ p ^  
co th  /^P-^
T
( 4 .6 .2 )
Hence from  ( 4 .6 .1 )
«o c o t l lA 1^1  1---------
T
i . e .  qQ = T kQ ta n h  A1 P1
= T k ta n h  k h  , c c o ’ ( 4 .6 .3 )
where h
cP-,
i s  th e  e f f e c t iv e  d ep th  f o r  th e  c a p i l l a r y
%
wave. The e x p re ss io n  ( 4 .6 .3 )  f o r  qQ shows t h a t  to  t h i s  
app ro x im atio n  th e  waves a t  some d is ta n c e  from th e  c r e s t  a re  
f r e e  c a p i l l a r y  w aves, and as we have rem arked e a r l i e r ,  i t
i s  a w e ll known r e s u l t  t h a t  th e  group v e lo c i ty  exceeds th e  
phase v e lo c i ty  so t h a t  waves w i l l  te n d  to  appear ahead o f 
th e  so u rce  o f  d is tu rb a n c e .
We s h a l l  now show t h a t  th e  n e g le c t in g  o f  th e  
g r a v i t a t io n a l  term  gy^ in  e q u a tio n  (4 -.5 .1 ) i s  j u s t i f i e d  
u nder c e r t a in  c o n d i t io n s .  Prom (4-.5.24-) we have
b c o s /^ o c  s in h /^ 1 (p -p l ) , 
b s in y u ^ a  co sh y ^ C p -p ^ ) .
Thus a long  th e  f r e e  s u r fa c e  (3 = 0 we have
0- ^ ^  -b  c o s / ^ a  sinh/U ^p^ ,
' t  ^ b s i n y ^ a  coshy^P-^ .
We now c o n s id e r  th e  r e l a t i v e  m agnitudes o f  th e  two te rm s
^ 71 9S —  and (qQq-^) f o r  la rg e  v a lu e s  o f  loci, i . e .  f o r
la rg e  \j? \ . Prom (4 -.3 .6 ) we have f o r  la rg e  \$ I
y^cx s in h y ^ p ^
alo n g  th e  f r e e  su r fa c e  P = 0 .  S im ila r ly  f o r  l a r g e  \<j> I
; —~  ^  ^  cos/w oc
2 .  ( a  a ) = o2 4  (C. e2S
T><J> 0  1  ^  x
2 ^ ' l l  - a f Ls
2 *^^1 2 
^  °  f^ " o c "  =  c  C 0S A i a  G o s h / ^ P i
• y^-i
a lo n g  th e  f r e e  s u r fa c e  (3 = 0 . Thus th e  term  g —■=•
m <7)*i s  n e g l ig ib le  i n  com parison w ith  th e  term  —^ (q ^ -^ )  i f
I -  c o s f ^ a  sinhy^^p^i «  I c2b y ^  c o sy t^ a  c o s h ^ p ^ l  ,
i . e .  i f  g tanhyU-1 P1 «  c
c2 2 *i . e .  i f  1 «  “ T ,
c2*-i . e .  i f  1 «  -2 -r (4-. 6 .4-)
gT
s in c e  from (4-.6 .2 )
tanhy^1 P1 = —7°
so t h a t  > -%■ .
T
But th e  v e lo c i ty  o f  p ro p a g a tio n  c o f  th e  b a s ic  s o l i t a r y  
wave i s  g iv en  by
2— -  2JL -ban k \b
gh “ r l
7C * 1and f o r  th e  h ig h e s t  wave kf-^ = -j and £ * . Thus when
th e  wave i s  on th e  p o in t  o f  b re a k in g
C2 1 3x/3
gE ‘ 2tc
4- . 24-3 / . >2i . e .  c = — 4 (gh) .
4-tc
T h ere fo re  th e  in e q u a l i ty  (4-.6 .4-) w i l l  be s a t i s f i e d  i f
!  «  2 «  . i a f  ;
4-tc T
• . .  yZ ^  4-1I2 t '  . Xx .e .  i f  Xl »  — = -gj- ,
*1
i . e .  i f  h  »  ^  ap p ro x im a te ly , ( 4 .6 .5 )
ini , xs in c e  f o r  w a te r a t  room te m p e ra tu re  — = ^  in  O .G .S. u n i t s
The c o n d it io n  ( 4 .6 .5 )  i s  a re a s o n a b le  c o n d it io n  w hich i s  
alw ays s a t i s f i e d  s in c e  in  s u b -d iv is io n  A we have a lre a d y  
n o te d  t h a t  f o r  ^ s u b - c r i t i c a l  flow  th e  d ep th  o f  th e  w a te r  i s  
g r e a t e r  th a n  0 .4 8  cm.
PART II
C a p i l la r y -g r a v i ty  Waves on a  S lo p in g  Beach
C hap ter 5
5 .1  I n t ro d u c t io n
The problem  o f s ta n d in g  and p ro g re s s in g  w a te r  waves on 
a g e n t ly  s lo p in g  b each  has been so lv e d  by Miche (1944) ,
Lewy (1946) and S to k e r  (1947) f o r  s lo p e  an g le s  a  w hich a re
7Ci n t e g r a l  f r a c t io n s  o f  a r i g h t  a n g le , a  = , n  = 1 , 2 , . . .  .
Lewy (1946) has a ls o  ex tended  h i s  method to  so lv e  th e
problem  f o r  s lo p e  an g le s  ^  , w ith  p an odd in te g e r  and n
any in te g e r  such  t h a t  p < 2 n . In  f a c t ,  th e  s p e c ia l
7Cs ta n d in g  wave s o lu t io n s  f o r  a  = which a re  f i n i t e  a t  th e  
s h o r e - l in e  had a lre a d y  been o b ta in e d  by Hanson (1 9 2 6 ). 
F r ie d r ic h s  (1948) has g iv en  an a sy m p to tic  r e p r e s e n ta t io n  o f  
th e  s o lu t io n s  f o r  sm all an g le s  a  in d ep en d en t o f  th e  i n t e g e r  n .  
The method developed  by Lewy (1946) f o r  a  = Jj— i s  a ls o
7Ea p p l ic a b le  f o r  c a ses  in  which a  > ^  , so t h a t  th e  b each  
becomes an overhang ing  c l i f f .  The s o lu t io n  f o r  a  s p e c ia l  
ca se  o f t h i s  k in d , i . e .  a  = 135° o r  p = 3 , n  = 2 , h as  been  
c a r r ie d  o u t n u m e ric a lly  by Isa a c so n  (1 9 4 8 ). A l i m i t  ca se  
o f th e  problem  o f  th e  overhang ing  c l i f f  has a s p e c ia l  
i n t e r e s t ,  p a r t i c u l a r l y  when a —*' n and th e  problem  becomes 
a dock p rob lem . The s o lu t io n s  g iv en  by Lewy become 
co m p lica ted  as p and n  become la rg e  and as such  i t  i s  
d i f f i c u l t  to  c o n s id e r  th e  l i m i t  o f  h i s  s o lu t io n s  as  a  —> i t . 
However, F r ie d r ic h s  and Lewy (1948) have so lv ed  th e  dock 
problem  d i r e c t l y  f o r  tw o -d im en sio n a l w aves. For th r e e -  
d im en sio n a l waves in  w ate r o f c o n s ta n t  f i n i t e  d e p th  th e  dock 
problem  has been so lv ed  by H eins (1 9 4 8 ).
For a l l  s lo p e  an g le s  th e  tw o-d im en sio n a l problem  has 
been  so lv e d  by Isa a c so n  (1950) and Roseau (1 9 5 1 ), a^d
su b se q u e n tly  th e  th re e -d im e n s io n a l problem  has been  so lv e d  
by P e te r s  (1 9 5 2 ), Roseau (1952) and W illiam s (1 9 6 1 ), who 
make use  o f  a c e r t a in  fu n c t io n a l  eq u a tio n  d e r iv e d  from a 
r e p r e s e n ta t io n  o f th e  s o lu t io n  by a  L ap lace  i n t e g r a l .
Roseau (1958) and W illiam s (1961) have a lso  so lv e d  th e  
problem  o f s h o r t  waves by s l i g h t l y  d i f f e r e n t  m ethods.
B ut none o f th e s e  a u th o rs  have ta k en  in to  c o n s id e r a t io n  
th e  e f f e c t  o f  s u r fa c e  te n s io n .  R ece n tly  Packham (1968) has 
c o n s id e re d  th e  s u r fa c e  te n s io n  e f f e c t  f o r  th e  s p e c ia l  ca se  
o f  incom ing waves a g a in s t  a v e r t i c a l  c l i f f .  By s u i t a b ly  
choosing  th e  boundary c o n d it io n  a t  th e  s h o r e - l in e  Packham 
h as o b ta in e d  two s ta n d in g  wave s o lu t io n s  each o f  w hich h as 
f i n i t e  am p litude  a t  th e  c l i f f  w hereas a t  i n f i n i t y  th e y  behave 
l i k e  em*^  cos(m x+ 0 and em*^ s in (m x + 0  r e s p e c t iv e ly .  These 
may th e n  be combined to  produce p ro g re s s iv e  w aves.
T his p a r t  o f  th e  t h e s i s  d e a ls  w ith  th e  e f f e c t  o f  
s u r fa c e  te n s io n  on w ate r waves moving tow ards a p la n e  b each  
s lo p in g  a t  an an g le  a  (<: tc/2) w ith  th e  h o r iz o n ta l .  In  
s e c t io n  5 .2  th e  problem  has been  fo rm u la ted  w ith in  th e  
fram ework o f l i n e a r  th e o ry . F o llow ing  Roseau (1951 , 1958) 
an i n t e g r a l  r e p r e s e n ta t io n  ( 5 . 3 . 1 ) o f  th e  s o lu t io n s  has been 
chosen and in  s e c t io n  5 .3  th e  problem  has been  red u ced  to  
f in d in g  a new fu n c t io n  h (§ ) s a t i s f y in g  some fu n c t io n a l  
e q u a tio n s  one o f  which i s  a q -  d i f f e r e n c e  e q u a tio n . In  
c h a p te rs  6 and 7 th e se  f u n c t io n a l  e q u a tio n s  have been  so lv ed  
by two s l i g h t l y  d i f f e r e n t  m ethods and th e  co rre sp o n d in g  
s o lu t io n s  o f  th e  o r ig in a l  problem  have been o b ta in e d  in  each  
c a s e .  The two methods depend on th e  way we choose th e  
co n to u r o f in te g r a t io n  in  th e  i n t e g r a l  r e p r e s e n ta t io n  ( 5 . 3 . 1 ) .
The f i r s t  method which has been  d isc u s se d  in  c h a p te r  6 
i s  s im i la r  to  t h a t  o f  Roseau (1 9 5 8 ). In  t h i s  i t  i s  
n e c e s s a ry  to  assume some sim ple  z e ro s  o f  th e  fu n c t io n  h ( 4 )  
in  o rd e r  to  c an ce l th e  p o le s  o f  th e  in te g ra n d  in  ( 5 . 5 . 1 ) 
from  th e  r i g h t - h a l f  p la n e .  The second method in  which a 
more r e s t r i c t e d  p a th  o f  in te g r a t io n  i s  chosen has been  
c o n s id e re d  in  c h a p te r  7 . In  o rd e r  to  g e t  some bounded 
s o lu t io n s  a t  th e  s h o r e - l in e ,  i n  t h i s  method we have assumed 
some sim ple p o le s  o f th e  in te g ra n d  in  ( 5 . 5 .1 ) on th e  r i g h t -
71h a l f  p la n e  and t h i s  method works o n ly  when a  = .
I t  has been found t h a t  i n  th e  p re se n c e  o f  s u r fa c e  
te n s io n  th e  problem  h as a t  l e a s t  two d i f f e r e n t  c l a s s e s  o f  
p ro g re s s iv e  wave s o lu t io n s ,  each  c l a s s  c o n s is t in g  o f two 
d i f f e r e n t  ty p e s  o f  s ta n d in g  w aves. B oth c la s s e s  o f 
s o lu t io n s  behave a t  i n f i n i t y  l i k e  s im p le  harm onic p ro g re s s iv e  
waves b u t  th e y  d i f f e r  in  t h e i r  b eh av io u r as th e y  app roach  th e
TCs h o r e - l in e .  For g e n e ra l v a lu e s  o f a  ( i . e .  f o r  a  £  ^ 9  
b o th  th e  s ta n d in g  waves in  th e  f i r s t  c l a s s  o f  s o lu t io n s  
behave n e a r  th e  s h o r e - l in e  l i k e  — as r ^ - ^ O ,  w hereas f o r
7Ta  = one o f  them rem ains bounded and th e  o th e r  one behaves
l i k e  — as r  ^  0 .  The b eh a v io u r o f  th e  second c l a s s  o f
r  ns o lu t io n s  ( v a l id  f o r  a  = ^ )  a t  th e  s h o r e - l in e  i s  g iv e n  by
th e  fo llo w in g  s ta te m e n ts :
1 . I f  7i -  2(3 /  2qa (q  an in te g e r  and {3 a p a ra m e te r  to  be 
s p e c if ie d  l a t e r ) , b o th  th e  s ta n d in g  waves rem ain  bounded a t  
th e  s h o r e - l i n e .
2 .  I f  7i -  2(3 = 2qa ( a  ^ , one o f  th e  s ta n d in g  waves 
rem ains bounded w h ile  th e  o th e r  one becomes lo g a r i th m ic a l ly  
i n f i n i t e  a t  th e  s h o r e - l in e .
B oth c la s s e s  o f  s o lu t io n  reduce  to  th e  r e s u l t s  o b ta in e d  
by Eoseau (1 9 5 1 ), Isa a c so n  (1950) and S to k e r  ((194-7), l o r
second c l a s s  o f s o lu t io n s  a lso  reduce  to  th e  r e s u l t  o b ta in e d  
by Packham (1968) when n  = 1 b u t T /  0 .
5 .2  F o rm u la tio n  o f th e  problem
We c o n s id e r  p ro g re s s in g  c a p i l l a r y - g r a v i ty  waves on a 
b each  s lo p in g  a t  an an g le  a  w ith  th e  h o r iz o n ta l .  I t  w i l l  
be assumed t h a t  th e  waves a t  a la rg e  d is ta n c e  from  th e  
s h o r e - l in e  t r a v e l  in  a d i r e c t io n  norm al to  i t ,  so t h a t  th e  
m otion  o f  th e  w a te r can be c o n s id e re d  as a tw o -d im en sio n a l
C a r te s ia n  c o o rd in a te  a x is  x^ 0^ y^ a re  chosen so t h a t  
th e  s lo p in g  bottom  makes an an g le  -  a  w ith  th e  p o s i t i v e  
x-^-axis and th e  w ate r i s  c o n ta in e d  in  th e  re g io n  y^ ^  0 . 
For i r r o t a t i o n a l  m otion  o f  th e  w a te r , re g a rd e d  as an 
in c o m p re ss ib le  in v is c id  f l u i d ,  i t  i s  known t h a t  a  v e l o c i t y
TTa  = rgjj) when we equa te  s u r fa c e  te n s io n  T to  z e ro . The
m o tio n .
0i y
p o te n t i a l t h a t
0 ( 5 .2 .1 )
th ro u g h o u t th e  w a te r  re g io n  and f o r  sm all o s c i l l a t i o n s  o f
th e  w a te r  <j5 s a t i s f i e s  th e  fo llo w in g  boundary c o n d i t io n s :  
B e r n o u l l i1s Law
^  + E71 = c o n s ta n t ,  on y x = ^1 (x 1 , 0 , t ) ,  ( 5 .2 .2 )
th e  K inem atic  c o n d itio n
n > §  '7 'i, „■
T ? !  = o T  ’ 011 71 = . (5 .2 .5 )
and th e  bottom  c o n d itio n
—  s in  a  + —  cos a  = 0 , on y , = -  x-, t a n  a  .
( 5 . 2 . 4 )
In  th e  above eq u a tio n s  p d en o te s  th e  p re s s u re  a t  any p o in t  
on th e  f r e e  s u r f a c e ,  f  i s  th e  d e n s i ty  o f  th e  w a te r ,  g i s  th e  
a c c e le r a t io n  due to  g r a v i ty ,  and \  ^ = 1Z ^ (x ^ ,0 , t )  i s  th e  
d isp lacem en t o f th e  w ate r s u r f a c e .
D i f f e r e n t i a t in g  th e  boundary c o n d itio n  ( 5 .2 .2 )  w ith  
r e s p e c t  to  th e  tim e v a r ia b le  t  and th e n  u s in g  th e  c o n d it io n
( 5 . 2 . 5 ) we g e t  th e  combined f r e e  s u r fa c e  c o n d itio n
1  I p  n  ™  n  rc: p c's
+ = 0 ’ on 7 1 = °* ( 5 .2 .5 )
By L a p la c e 1 s law  th e  p re s s u re  p on th e  f r e e  s u r fa c e  i s
g iv en  by
Tp = c o n s ta n t -
2
^ ^ 1= c o n s ta n t -  T --------- ,
where R i s  th e  r a d iu s  o f  c u rv a tu re  o f  th e  f r e e  s u r fa c e  and
T i s  th e  s u r fa c e  te n s io n  c o e f f i c i e n t .  Hence u s in g  th e  
harm onic p ro p e r ty  o f  and th e  c o n d itio n  ( 5 . 2 . 5 ) we can 
w r i te
, on y ± = 0 .  ( 5 . 2 . 6 )*9V <^ 7 _0 1
Thus e l i m i n a t i n g f r o m  ( 5 .2 .6 )  by u s in g  ( 5 . 2 . 6 ) ,  we g e t  
th e  f r e e  s u r fa c e  c o n d itio n  in  th e  s ta n d a rd  form
+ + rl - $  = o , on 7;l = 0 , ( 5 . 2 . 7 )
I T  where T = — .r
A m a th em a tic a lly  com plete d e te rm in a tio n  o f  ^  r e s u l t s  
from th e  im p o s itio n  o f i n i t i a l  c o n d i t io n s ,  s u i t a b le  
c o n d it io n s  a t  i n f i n i t y  and th e  req u irem e n t t h a t  ^  be 
r e g u la r  everyw here ex cep t p o s s ib ly  a t  th e  o r ig in  where some 
s in g u l a r i t y  may o c c u r. Our o b je c t  i s  to  o b ta in  s o lu t io n s  
w hich a t  i n f i n i t y  behave l i k e  p ro g re s s iv e  waves moving 
tow ards th e  s h o re . I t  i s  co n v e n ien t to  lo o k  f o r  s o lu t io n s  
w hich behave l i k e  s ta n d in g  waves a t  i n f i n i t y  and combine 
th e s e  so as to  o b ta in  p ro g re s s iv e  waves o f  th e  c o r r e c t  ty p e  
A cco rd in g ly  we s e t
(x i  jtO = e l6 t  4>(x i  »7i) »
and th e  problem  i s  th en  red u ced  to  f in d in g  a fu n c t io n  
(x 1 ,y1 ) s a t i s f y in g  th e  e q u a tio n
= 0 (5 .2 .8)
'9y1
th ro u g h o u t th e  w ate r re g io n  and th e  boundary c o n d i t io n s
A  !LXt *rr T - -  i f  = 0 , on y , -  0 . , ( 5 .2 .9 )
1 > 7 i  ^  7 1
and
rr- s in  a  + —  cos a  = 0 , on y n = -  x-. ta n  a  ,<7>x-, n.\j-, ’ 171 1 ’
1 X (5.2.10)
2
where A*- -  - and ^  ./  -fg g
At t h i s  s ta g e  i t  i s  co n v en ien t to  in tro d u c e  th e  
fo llo w in g  d im e n sio n le ss  q u a n t i t i e s :
x  = mx1 , y  = my1
where m i s  d e f in e d  hy th e  r e l a t i o n
= m (l +A*-m )^ = m £ 
w ith  P ( 5 . 2 . 11)
£ = 1 +^m
The fu n c t io n  cj) (x^,y-^) o b v io u s ly  rem ains harm onic in  th e s e  
v a r ia b le s  and th e  boundary c o n d itio n s  ( 5 .2 . 9 ) and ( 5 . 2 . 10 ) 
th en  ta k e  th e  forms
+ —  -  E</> = 0 , on y  = 0 , ( 5 . 2 . 12 )
and
—i  s m  a  + —— cos a  = 0 , on y  = -  x  ta n  a .^  x  <~ft y  ’ ,
( 5 .2 .1 5 )
The a n a ly s is  o f  th e  problem  can  be ex p e d ite d  by
• i 0in tro d u c in g  th e  complex v a r ia b le  z = x  + ly  = r e  . The 
harm onic fu n c tio n  (x ,y )  can th e n  be re g a rd ed  as th e  r e a l  
p a r t  o f  a  complex v a lu ed  fu n c tio n  f ( z )  a n a ly t i c  i n  th e  
r e g io n  S d e f in e d  b y - o c < 6 < 0 .  I n  term s o f  f ( z )  th e  
boundary  c o n d itio n s  ( 5 . 2 . 12) and ( 5 . 2 . 15 ) can be ex p re ssed
in the form
Im {m ^ -  4 -  -  i£ f}  = 0 , on z = x  > 0 ,
and
a s  dz
dz (5 .2 .1 4 )
Im te ~i a H ^  = 0 ’ f o r  z = r e “ i a > r  > 0 . ( 5 .2 .1 5 )
5 .3  I n te g r a l  r e p r e s e n ta t io n  o f th e  s o lu t io n
In  view  o f th e  boundary c o n d itio n  (5 .2 .1 4 )  we seek  a 
r e p r e s e n ta t io n  f o r  f ( z )  o f  th e  form
* . . ( * )  =  A  (   -g e-'4  , ( 5 . 5 . 1 )
d J J  / “ -m ^  -  $ -  ifc
c d
where g ($ ) i s  an a n a ly t ic  fu n c t io n  o f th e  complex v a r ia b le  
f , c .  a  p a th  in  th e  complex £- p l a n e , and X . a  c o n s ta n t0 U
c o e f f i c i e n t .  A ll  th e s e  q u a n t i t i e s  a re  to  be d e te rm in ed  
l a t e r .  The fu n c t io n  g (£ ) i s ,  in  g e n e ra l ,  a  m u lt i-v a lu e d  
fu n c tio n  d e f in e d  on a Riemann s u r fa c e  whose r t h  s h e e t  i s  
d e f in e d  by ( r - l ) x  <: a rg  £ ^  ( r + l ) ^ .  The p a th  c .  sh o u ld  betJ
chosen so t h a t  th e  in t e g r a l  ( 5 . 3 . 1 ) co n v e rg es .
For th e  moment we assume th a t  th e  p a th  c.. i s  chosen  in  
such  a  way t h a t  th e  fo llo w in g  c o n d itio n s  a re  s a t i s f i e d :
Cj i s  e i t h e r  c^ = c ' + c" o r  C2 = c 1 -  c M, c 1 i s  
sym m etrical to  c" w ith  r e s p e c t  to  th e  r e a l  a x i s ,  c f goes to  
i n f i n i t y  in  th e  n e g a tiv e  d i r e c t io n  o f th e  r e a l  a x is  and 
e n te r s  th e  o r ig in  in  such a  way t h a t  each  o f  th e  p a th s  
c* -  c" e n c i r c le s  th e  h a l f  o f  th e  u n i t - c i r c l e  w ith  c e n tr e  
a t  £ = 0 in  Re ^ < 0 .  L a te r  we s h a l l  see t h a t  i t  w i l l  be 
n e c e s s a ry  to  impose some more r e s t r i c t i o n s  on c^.. We a ls o  
assume t h a t  th e  p a th s  c f and c ” b e lo n g  to  th e  s h e e t  0 w hich
i s  th e  u s e fu l  p a r t  o f  th e  Riemann s u r fa c e  in  o u r p rob lem .
I t  can be shown by d i r e c t  d i f f e r e n t i a t i o n  o f  (5 .3 * 1 )
t h a t  = Re f . s a t i s f i e s  th e  e q u a tio n  ( 5 .2 .8 ) .  U sing d d
th e  r e p r e s e n ta t io n  ( 5 . 3 . 1 ) f o r  f ( z )  we can w r i te
■ 0  -  | |  -  i e f  = * (  eSag ( »  .
C
I t  th u s  fo llo w s  t h a t  th e  boundary c o n d itio n  (5 .2 .1 4 )  w i l l  
be s a t i s f i e d  i f
Im { ex  ^g (£ ) d^ } = 0 , f o r  x  > 0 ,
c
and fo llo w in g  P e te r s  (1952) i t  can be shown t h a t  t h i s  i s  
s a t i s f i e d  i f
g ($ ) = g (§ ) , ( 5 .3 .2 )
p ro v id ed  t h a t  )[ i s  equa l to  1 f o r  c^ and to  i  f o r  C2 *
We th e re fo r e  choose = l  and =
In  c o n s id e r in g  th e  second boundary c o n d itio n  (5 .2 .1 5 )  
we can  w r i te
e- i a  d f  = ^  \  e ~ y [ ( „eiz S(,V  d .
dz J  yu-m ^  -  £ -  i £  *
“ lotand th u s  on th e  bottom  z = r e  , r  > 0 , we have
0 M
o r ,  changing th e  v a r ia b le  by 5 e = u ,  we g e t
• - “ t §  -  *  ■J  Am (ue J -  ue -  i£
where r. = r ' 1 r" a re  th e  p a th s  o b ta in e d  by r o t a t i n gt3t . ** . .c .  = c -  c ab o u t th e  o r ig in  th ro u g h  th e  an g le  -  a .tJ
At t h i s  s ta g e  i t  i s  n e c e s s a ry  to  assume t h a t  th e  p a th s
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c and c have been  chosen in  such a way t h a t ,  when r o t a t i n g
I tl t t!
c (c  ) to  r  c r ) ,  no p o le  o f
i^iougCue ) _______
~T, 1 5 7 3 I Sm (ue Y  -  ue -  1 £
i s  p a sse d  o v e r . At th e  moment we assume t h a t  t h i s  c o n d i t io n  
i s  s a t i s f i e d .  L a te r  in  c h a p te rs  6 and 7 we s h a l l  c o n s id e r  
two ways in  which t h i s  c o n d itio n  can be s a t i s f i e d .  By
1 1 \ * r u \Cauchyfs theorem  we can now deform  p 7 ( p  ) back  to  c (c  ) 
and we g e t
*-i(X§  = * f  ** •J  /^m  (ue -  ue a  -  ±C 
c
R e tu rn in g  to  th e  n o ta t io n  £ , we see  t h a t  th e  bottom  
c o n d it io n  ( 5 .2 . 15 ) w i l l  be s a t i s f i e d ,  w ith  th e  same ch o ice  
o f  X . as b e f o r e ,  i fo
w hich by u s in g  ( 5 . 3 . 2 ) can  be w r i t te n  in  th e  form
K( £ e2itx) _-2 i a / “-m2 ( K e2 ia ) 3 -  t, e2 ia  -  i £
sTD = e  .'fV"i£---------
= e^i a  ( (+ ie ~ 2 l a ) ( ( 2- i§ e ~ 2 ia -  k 2 e~^i g )
C - 0 ($ + i$ -  K )
(5 -3 .5 )
where th e  p o s i t iv e  r e a l  p a ram e te r K i s  in tro d u c e d  by th e  
r e l a t i o n
= jT 2  = 1  'y m  pt- m
I t  i s  co n v en ien t to  s e t
s C )  = H (0  ( 5 .5 .4 )
and th e n  from ( 5 . 3 . 2 ) and ( 5 . 3 . 3 ) i t  fo llo w s  t h a t  h (£ )  
s a t i s f i e s  th e  eq u a tio n s
h(S ) = h (5 )  ( 5 .3 .5 )
and
X j f , )  = ($ + ie  )(»  - i£ e  -  K e ) (5  3 6)
« - i ) U 2+i $ -  (c2 )
The q u a d ra t ic  e x p re s s io n s  on th e  r ig h t-h a n d  s id e  o f  ( 5 .3 .6 )  
can be f a c to r i s e d  ag a in  i f  we in tro d u c e  a n o th e r  r e a l  
p o s i t iv e  p a ram ete r p which i s  r e l a t e d  to  /( by th e  r e l a t i o n
K = 2 cos '0 ’ j  < P < Z , ( 5 .5 .7 )
and th e n  ( 5 . 3 .6 ) ta k e s  th e  form
h (S e2 ia )
" W
where a and h a re  d e f in e d  by
a i  K e- i ^ , b = iK  e1 ^ . ( 5 .3 .9 )
B efo re  p ro ceed in g  f u r th e r  i t  becomes n e c e s s a ry  to  s p e c ify
t n
th e  p a th s  c , c more p r e c i s e ly .
In  th e  n e x t two c h a p te rs  we w i l l  show how th e  p o le s  
and ze ro s  o f  h (£ )  a f f e c t  th e  ch o ice  o f  c o n to u r .
We s h a l l  in  p a r t i c u l a r  show t h a t  two d i f f e r e n t  s o lu t io n s  
a r i s e  acco rd in g  to  w hether
which i s  in  th e  in te g ra n d  o f  ( 5 . 3 . 1 ) ,  has ( i )  no p o le  a t  
th e  zero  £ = a  o f  th e  denom inator o r  ( i i )  a s im p le  p o le  
a t  £ = a .
C hap ter 6 i s  concerned w ith  th e  f i r s t  o f  th e s e  two 
c a se s  and c h a p te r  7 w ith  th e  second .
C hap ter 6
6.1 First choice of the contour of integration
F«j. I
t H .
We f i r s t  choose th e  p a th s  c and c ( f ig u r e  6 ) such
t h a t  th e y  have a l l  th e  p r o p e r t i e s  m entioned in  s e c t io n  5 . 3 .
M oreover, a t  t h i s  s ta g e  we impose th e  a d d i t io n a l  c o n d i t io n
t n ■
t h a t  th e  p a r t s  o f  c and c in  Re  ^ < 0 l i e  o u ts id e  th e
c i r c l e  o f  r a d iu s  K w ith  c e n tr e  a t  ^ = 0 .  L a te r  we s h a l l
see t h a t  t h i s  a d d i t io n a l  r e s t r i c t i o n  on c .  w i l l  n o t heJ
n e c e s s a ry . T his means t h a t  in  t h i s  ca se  i t  i s  p o s s ib le  to
c o n t r a c t  them p ro v id ed  t h a t  i n  Re £ ,<C 0 th e y  l i e  o u ts id e
th e  u n i t - c i r c l e  w ith  c e n tre  a t  £ = 0 .  The id e a  w hich le a d s
us to  impose t h i s  a d d i t io n a l  c o n d i tio n  on c^ i s  as  fo llo w s :
The fu n c t io n  h (£ )  has to  s a t i s f y  th e  f u n c t io n a l  e q u a tio n
( 5 . 3 . 8) and as such th e  in te g ra n d  in  ( 5 . 3 .1 ) m igh t have some
p o le s  on th e  c i r c l e  o f  r a d iu s  K . I f  some o f  th e s e  p o le s
l i e  in  th e  re g io n  n -  2a  < a rg  £ ^  -  ft + 2a  and o u ts id e  th e
co n to u r c ^ , th en  in  co u rse  o f  r o t a t i n g  c^ to  and hack
some o f  th e s e  p o le s  w i l l  he p assed  o ver hy th e  s t r a i g h t
p a r t s  o f  c^ . in  Re £ < 0 .  T his i s  avo ided  hy im posing  t h i s
a d d i t io n a l  r e s t r i c t i o n  on c . .J
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Thus choosing  th e  p a th s  c and c as m entioned above
we now p ro ceed  to  s a t i s f y  th e  c o n d itio n  t h a t  when r o t a t i n g
c . to  7""., no p o le  o f  th e  f u n c t io n  J «J
g ( £ e i a )
^  m^( % e )^  -  £ e -  i f
i s  p assed  o v e r . One p o s s ib le  way o f s a t i s f y in g  t h i s  
c o n d it io n  i s  n o t to  a llo w  th e  fu n c t io n
h (Q
which i s  i n  th e  in te g ra n d  o f  ( 5 . 3 . 1 ) ,  to  have any p o le  in  
th e  h a l f - p la n e  Re £ > 0 .  B efo re  p ro ceed in g  f u r t h e r  i t  i s  
th e r e fo r e  n e c e s s a ry  to  ta k e  up th e  s tu d y  o f th e  p o le s  and
ze ro s  o f  th e  fu n c tio n  h ( £ ) .
6 .2  The ze ro s  and p o le s  o f  th e  fu n c t io n  h ( t )
2 *5The ze ro s  o f  th e  e x p re s s io n  {/nn J -  £ -  i £ )  w hich 
i s  in  th e  denom inator o f  th e  in te g ra n d  in  ( 5 . 3 . 1 ) p la y  a 
le a d in g  r o le  in  th e  d e te rm in a tio n  o f  th e  ze ro s  and p o le s  o f  
h ( 0  . We have seen  e a r l i e r  th a t  th e  ze ro s  o f  th e  above 
e x p re s s io n  a re  a t  th e  p o in ts  £ = -  i  ., £ =  a and £ = b ,
and o f th e s e  th e  p o in t  £ = a i s  lo c a te d  in  th e  h a l f - p la n e
Re £ > 0 .
Thus, in  o rd e r  to  avo id  t h a t  th e  p o in t  a  be a  p o le  
f o r  th e  in te g ra n d  in  ( 5 .3 .1 ) .  We r e q u i r e  t h a t  h (a )  = 0 
o r h ( -b )  = 0 because  o f  ( 5 . 3 . 5 ) .  s h o r t  we seek  a
s o lu t io n  h (£ )  o f  eq u a tio n s  ( 5 . 3 . 5 ) and ( 5 . 3 . 8) h av in g  no 
p o le  in  Re i  > 0 ,  b u t  t h i s  s o lu t io n  shou ld  have some z e ro s  
and among them , n e c e s s a r i ly  a and - b .  B efore, p ro cee d in g
f u r th e r  i t  i s  co n v en ien t to  s p l i t  h (£ )  in to  th r e e  p a r t s
h ( 0  = h2 ( 0  , ( 6 . 2 . 1 )
so t h a t  hQ( § ) ,  h ^ (£ ) and h2 (§) s a t i s f y  th e  fo llo w in g  
fu n c t io n a l  e q u a tio n s :
H0 (S e2 ia ) = ho(S ) , (6 . 2 . 2 )
= V O  ’ (6.2.3)
h l ( j  e2 i a ) _ i  + ie ~ 2:i'a
V O  i  ~  ±
(6 .2 .4 -)
V O  = V O  » (6.2.5)
V *  e 2 la )  ( O a e  - 2 i a ) (  i  -b  e " 2 i a ) r r  „ n
1 ------- =  ( IV a ) tO O ----------  ’ ( 6 *2 ' 6)
V O  = V O  • ( 6 .2 .7 )
I t  i s  easy  to  v e r i f y  t h a t  h (£ )  , d e f in e d  by ( 6 .2 .1 ) ,  
s a t i s f i e s  th e  fu n c t io n a l  e q u a tio n s  ( 5 . 3 . 5 ) ( 5 . 3 . 8 ) .
The p o in t  *a! i s  th en  no lo n g e r  a  p o le  o f  th e  in te g ra n d  in
( 5 . 3 . 1 ) i f  we assume th e  c o n d itio n  t h a t  h2 ( a )  = h2 ( -b )  = 0 ,
a sim ple z e ro .
The s o lu t io n  hQ( 0  o f e q u a tio n s  ( 6 .2 .2 )  and ( 6 .2 .5 )  i s  
sim ple and has been  o b ta in e d  by Roseau (1 9 5 8 ). I t  i s  
g iv en  by
V O  = Ap i P n /a  ’ (6 . 2 . 8 )
where p i s  any in te g e r  and Ap a r e a l  c o n s ta n t  c o e f f i c i e n t .
I n  f a c t  any l i n e a r  com bination  o f Ap £ P7l/ a  i s th e  m ost 
g e n e ra l  s o lu t io n .  L a te r  we s h a l l  see  t h a t  th e  ch o ice  o f 
th e  in te g e r  p w i l l  depend upon th e  k in d  o f n o n - e s s e n t ia l  
s i n g u l a r i t y  we w ish to  adm it f o r  & (x ,y )  e i th e r  a t  th e  
o r ig in  o r  a t  i n f i n i t y .
The s o lu t io n  h ^ ( 0  o f  e q u a tio n s  (6 .2 .4 -) and ( 6 .2 .5 )  
h as a ls o  been  o b ta in e d  by Roseau (1951) , W illiam s (1959) and 
many o th e r s .  In  f a c t  h-^(^) r e p r e s e n ts  th e  s o lu t io n  o f  th e  
problem  when th e re  i s  no s u r fa c e  te n s io n .  The fu n c t io n  
h-^(^) has no zero  o r  p o le  in  th e  h a l f - p la n e  Re £ ^  0 ,  b u t  
i t  has sim ple p o le s  on th e  u n i t - c i r c l e  a t
TX j ja rg  ^ = -  Tg -  2 ( r + l ) a  and ^  + 2 ( r + l ) a ,  where r  = 0 , 1 , 2 , . . .  
Here we u s e  th e  r e s u l t s  o b ta in e d  by Roseau (1 9 5 1 ). For 
a = TEl ’ n  801 -^ir te Se r ? ^ ( S )  i s  g iv en  by
11,(4) = _ . 3 ---------------  . ( 6 . 2 . 9 )
n (4 - ie2ira)
r= l
For g e n e ra l v a lu e s  o f th e  s lo p e  an g le  a ,  h ^ (4 ) i s  g iv e n , in  
th e  h a l f - p la n e  Re £ > 0 ,  by
 ^ l Z | V «  l z l 2 - l , 2 )logt--- - T -—  . ---- J5-)
i  C  iz i / a -x i z r  r
= ^ 5 )  = £  j ) ■;   a * j
i »  ‘ ( 6 . 2 . 10 )
and in  th e  h a l f - p la n e  Re £ < 0 ,  by
—  J 2. -t.-l h 7 ( 0  (6  2 11 )± ( . 2 \n /2a 7 * o l vw ’ D^. * ;( - 5  ) - 1 ^
where hJQ is g iv en  by th e  same fo rm u la  (6 .2 .1 0 )  i |  Re £ < 0 .
By an argum ent s im i la r  to  t h a t  o f  Roseau (1958) i t  
can  be e a s i ly  shown th a t
h1+( 0  1 as  ^  oo , ^  1 a s  oo ,
i  -1  -(■§ - 1 )
as ^  0 ’ as t~+ 0
u n ifo rm ly  w ith  r e s p e c t  to  a rg  £ . Hence 
h j_(t) 1 as  £  —* a>
|h 1 ( O | ^ | ^ | 20C as £->  0
u n ifo rm ly  w ith  r e s p e c t  to  a rg  j  .
We s h a l l  now in v e s t ig a te  th e  z e ro s  o f  th e  f u n c t io n  
l ^ ^ )  in  th e  h a l f -p la n e  Re £ >y 0 assum ing th e  c o n d it io n  t h a t  
l^C a) = l ^ - b )  . = 0 , s im p le  z e ro s .
Zeros o f  th e  fu n c tio n  in  Re j  > 0
We r e c a l l  th e  eq u a tio n  ( 6 .2 .6 )  w r i t te n  down in  th e  form
(? + a )( i+ d ) li2 (§e2 l a ) = (^ -a e _2 l a ) ( i - b e " 2 l a )li2 ( 0  ( 6 . 2 . 12 )
and th e  c o n d itio n
l ^ - b )  = 0 , a sim ple  z e ro . (6 . 2 . 13 )
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P a t t in g  £ = -  be”^ a  in  (6 .2 .1 2 )  i f  R e(- b e“^ a ) > 0 ,  i t  
fo llo w s  from  (6 .2 .1 3 )  t h a t  be"’2 '*'00) = 0 .  R ep ea tin g
t h i s  p ro c e s s  w ith  £ = -  be“ ^ a  i f  R e(- be"’’2*"'*'00) > 0 , we
s t i l l  have be~2*aoc) = 0 .  L e t a s  in tro d u c e  an in te g e r
n  such t h a t  o
2nQa  -  p < 0 < 2 (n Q+ l ) a  -  f3. ( 6 .2 .1 4 )
Then fo llo w in g  th e  above p ro ced u re  we see t h a t  th e  p o in ts  
-  b ,  -  be"’2 '*'00, . . . .  , -  b e~2 i n oa  a re  sim ple ze ro s  o f  ^ ( O  
in  Re £ ^  0 .  i n  view  o f ( 6 .2 .7 )  we g e t  a n o th e r  sequence
O “1 dy
o f (n Q+ l)  ze ro s  a t  th e  c o n ju g a te  p o in ts  a ,  ae
ae2iD-oa # Thus in  Re £ ^ 0  th e  fu n c t io n  l ^ ^ )  h as  2 (n Q+ l)
d i s t i n c t  ze ro s  a t  th e  p o in ts
-  b ,  -  b e -2 1 ®, ____  , -  b e -2:m ° a ,
a ,  ae2 i a ,  ...........  , ae2 in oa .
In  accordance w ith  th e  above z e ro s  o f  ■ in
Re £ ^ 0  we in tro d u c e  a new unknown fu n c tio n  H ( 0  by s e t t i n g
M S )  ■ n ” °  , h « )  ( 6 . 2 . 1 5 )
2 r -0  ~
and th e n  we have
(§ -a e " 2i a ) ( U b e “ 2i(:no+;L:)a) H(£e2 i a ) 
i ^ i i )  ~ U +b) (4 _ae2 ijl° a ) H U ) *
Hence from ( 6 .2 .6 )  we o b ta in  a new fu n c t io n a l  e q u a tio n  f o r  
)
e 2 ia > = )4 - f .e.! i ^ a ) ( 6 .2 .1 6 )
H(0  ( (+ a ) a + b e  2 l(-n° +1-)a)
with, of course,
H(I) = HCO ( 6 .2 .1 7 )
For f u tu r e  r e f e re n c e s  i t  i s  im p o rta n t to  n o te  t h a t  th e  
r ig h t-h a n d  s id e  o f  (6 .2 .1 6 )  has n e i th e r  a zero  n o r a p o le  
in  th e  r e g io n  -  ^  <: a rg  £ ^  ^  -  2 a .
In  o rd e r  to  d e f in e  th e  fu n c t io n  in  Re 4 < 0 by
th e  method o f a n a ly t ic  c o n t in u a t io n  a c ro s s  th e  im ag inary  
a x is  i t  i s  e s s e n t i a l  to  know th e  s i n g u l a r i t i e s  o f  h ^ ^ )  i f  
th e re  a re  any . For t h i s  pu rpose  we c o n s id e r  th e  p o in t
-  ae2^ no+^ a , where n Q i s  d e f in e d  by ( 6 .2 .1 4 ) .  T his
p o in t  can be a  zero  o f  ^ ( O  i f  -  ae^ ^ (no+^ ) a  -  _ *be-2 i(n o - l)c x
In  t h i s  ca se  we have £ = 2nQa  and ae2^ n °+' ^ a ) = 0 ,
o r  -  ae2 l (no+1) a  _ -be“ 2 :LI1oa . T his im p lie s  {3 = (2nQ+ l ) a .
A lso th e  p o in t  -  a e^^^n ° +^^a  can be a zero  o f b ^ G )  i f
-  ae2^ n° +‘^ cx = a .  T his h o ld s  o n ly  i f  a  = ^ ( n ^ l T  
2a > ^  which im ply a  = ^  .
Thus when (3 = r a ,  r  an i n t e g e r ,  we g e t
ae2 '^ n° +' ^ 0C) = 0 .  Next u s in g  th e  p o in ts  -  a e2 ' ^ rLo+' ^ a ,
-  ae2 in ° a , -  ae2^ 110" 1^06, . . . .  , -  ae2ioc in s te a d  o f  4 in  
th e  eq u a tio n  (6 .2 .1 2 )  we see t h a t  th e s e  p o in ts  a re  s im ple  
ze ro s  o f  h g ^ ) .  F in a l ly  p u t t in g  4 = -  a ,  we see  t h a t  
^2 ^~a ) = 0 ,  a double z e ro .
In  o th e r  c a se s  ae2 ‘^ n ° +' ^ (X) /  0 and we g e t
l ^ - a )  = 0 ,  a sim ple z e ro . Thus we see th a t  b g ^ )  •tlas 110 
s i n g u l a r i t i e s  in  th e  4 -p la n e  ex c ep t a t  th e  o r ig in .
We, th e r e f o r e ,  conclude t h a t  th e  in te g ra n d  in  ( 5 .3 .1 )  
has no p o le  o u ts id e  th e  u n i t - c i r c l e  and as such we can
t 1
c o n t r a c t  th e  p a th s  c , c as has been  m entioned in  s e c t io n  6 .1
6.5 The solution H(£) of the basic functional equations
We r e c a l l  t h a t  H ( |)  s a t i s f i e s  th e  e q u a tio n
H(§e2 l a ) ($ -b e“2 l a ) ($ - a e 2:Lnoa)
h T o  =
( 6 .3 .1 )
and
H ( |) = H(4) . (6 .3 .2)
C le a r ly ,  any c o n s ta n t ( r e a l )  m u lt ip le  o f H ( |)  a ls o  s a t i s f i e s
zero  o r  p o le  in  th e  h a l f - p la n e  Re 4 ^  0• F o llow ing  
Roseau (1958) we f i r s t  f in d  a p a r t i c u l a r  s o lu t io n  H(4) 
s a t i s f y in g  th e  a d d i t io n a l  p ro p e r ty  t h a t  H(£) te n d s  to  u n i ty  
as 4 ^ en<l s "fro i n f i n i t y .  Now we may d e f in e  lo g  H (f)  i n  th e  
r i g h t - h a l f  p la n e  in  te rm s o f  th e  r e a l  p a r t  o f 
lo g  H ( |)  = lo g  IH ( |) l  on th e  im ag in ary  a x i s .  U sing th e  
f u n c t io n a l  eq u a tio n s  (6 . 3 . 1 ) and (6 . 3 . 2 ) we f i r s t  d e te rm in e  
th e  r e a l  fu n c tio n  lo g  IH (§ ) l, r e g u la r  everyw here in  Re ]  ^  0 
and a f te rw a rd s  i t  w i l l  be easy  to  c o n s tru c t  th e  s o lu t io n  
K(£) Z)j th e  h e lp  o f  th e  P o isso n  in t e g r a l  r e p r e s e n ta t i o n .  
Taking th e  lo g a rith m  o f  th e  modulus o f  ( 6 .3 .1 )  we g e t
th e s e  e q u a tio n s . We have n o te d  e a r l i e r  t h a t  H(4) has no
lo g  IH(£ e2l0c) I = lo g  IH (O l + lo g t  - i k e i ( P ~2a:> 
i + ik e- 1 ^
+ l 0 S
( 6 .3 .3 )
By P o isso n * s i n t e g r a l  fo im u la  th e  harm onic fu n c t io n
lo g  IH (£)l r e g u la r  in  Re 4 ^ 0  ta k e s ,  a t  ^ = i^ e ” 2l0C, th e
v a lu e
,oo
lo g  IH (ife " 2l0c) l -75 i -  2- -----7 lo g  IH (is )  I d s .
' s - 2 s P cos 2a + r
1 ( 6 .5 .4 )
From e q u a tio n s  ( 6 .5 .2 )  and ( 6 .5 .5 )  i t  fo llo w s  t h a t
lo g  IH (is )I  = lo g  IH ( - is ) I  ,
lo g  IH ( if ) I  = lo g  IH (ife " 2 l a ) l  + lo g f  -* » iP- i ( p - 2 a jf  +ke
+ lo g f  -k e
-i(V  -2 a )
j5 +ke IT
where V = (3 -  2nQa ,  and hence u s in g  th e  i n t e g r a l  fo rm u la  
( 6 . 3 .4*) in  th e  above eq u a tio n  we o b ta in  th e  i n t e g r a l  
eq u a tio n
lo g  IH(ifO I -  lo g P -k e^ -  lo g f  - k e - i ( y - 2tx) 
f  + k e ^
OO
~ f  -5 — -sirL 2oc— -*■ lo g  IH (is )  I ds 
J  s -2 s  ^ cos 2a+f
r
o r ,  changing  th e  v a r ia b le s  by
th e  above in t e g r a l  e q u a tio n  can be w r i t te n  in  th e  form
OC
f, r,
( ^ 3 . 5"
We ag a in  in tro d u c e  a new s e t  o f  v a r ia b le s  u ,v  and a 
new n o ta t io n  as fo llo w s
lo g  IH (ik s1 ) l  = m (s1 ) , s-L = eu  , m(eu ) = M(u) ,
lo g  IH C ik fp i = m( , f i = ev  , m(ev ) = M(v) .
Then in  term s o f  u ,v  th e  i n t e g r a l  e q u a tio n  ( 6 .3 .5 )  ta k e s  
th e  form
.  V * -  u _
I f  ■£-
c  -v -e
V - u ^  
■€-
IT
2.(y-u} +  , , I
o r ,  a f t e r  some s im p l i f ic a t io n s  we g e t
- 2.v >—v -av -v , s\ ,
M M - L L  .€.-2-4 Cg?/* + i   \ J|
% ® ^I.V&>(tr-jl+2A) +  \ Z tf-nv  -\f / A , .JL — On j
c>c
•^vw2o( I r ^ \f-U-
v r - u .
■*+
TT \ / 3i(y-w) V“ ^  ' %{*-»-) v - ^
J — 5L-£ e^ad-H 5.-€_ dcD^-T'1.
—  <?<5
M
[C-3. 0
We now t r y  to  so lv e  t h i s  i n t e g r a l  e q u a tio n  by u s in g  
F o u r ie r  tra n s fo rm s . We re q u ir e  t h a t  M(v)~-^ 0 as 
v  —> + oo  ^ b u t  we may ex p ec t m (f^) to  have a s in g u l a r i t y  
n e a r  f j .  = 0 , so t h a t  M(v) m ight n o t be in te g ra b le  when 
v  -  oo. For t h i s  re a so n  we in tro d u c e  th e  F o u r ie r  
tra n sfo rm
oo
M(w) = f  e lwv MO) dv
—OO
w ith  th e  assum ption  Im w < 0 .
We quote h e re  a few e lem en ta ry  r e s u l t s  w hich we s h a l l  
u se  l a t e r .  I f
oo
I = s m 2 a  r ei w {  ef ----------- +  £ -----------  } dx
J e x-2 ex  cos 2a+ l e x+2ex  cos 2a+ l
—CO
CO
J  = e lwx lo g  (e  -2 e - x cos 2 f +1) dx
w ith  0 < '4/ < te , -  1 < Im w < 0 , th e n
- 2a  w (2a-TC)w j  e + e
1 + e
2TC e -2 * w + e ( 2 t ~27I>
W -2™ W ne -  1
L a te r  we s h a l l  a ls o  need  a more g e n e ra l r e s u l t :
oo - 2tc-v -*n:
r  iwx
— o o
lo g  (e  -  2 e cos 2 ^ + 1 ) dx
- 2 f)> w (2 H  _ 2y-j
o-n- KC-T" e  +  e  f  f~ ~z rj "N
I T ------------ ~ = ? R —  --------------  ( 6 . 5 . 7 )e -  1
j
w ith  0 < ^ j p  < 2 y and -  ^  < In  w < 0 .
A pplying th e  F o u r ie r  t ra n s fo rm a tio n  to  th e  eq u a tio n  
( 6 . 3 . 6 ) and u s in g  th e  above i n t e g r a l  fo rm ulas we g e t
f f l — z t j )  v j~  - /tr -fl+ 2.ei)ur - ( r r + |3 - v ) u r  
t t  ^ ________ . ± 3 ______ 1 _
1 J ^  I ^
^  — 1 - e  •—  j
(2^~V-5k)ut (^f-f-7r)i»r
-t- ^ ---  *r ^  y ^  e
UT '"ZTrt^  ny~ ' I I<5 i ._^7TUr
-€ . >
iur
e
~ 5UiaT ( 7sk —Tr)
n  /. \  ^  «+■ -e, ^
l i  O d — —
l - f  -e-' ’
m t t  i .  +
i '  r+  ^ ru r j w ■
o°,
- e  .—  i
^(2.ot*-/)ur ur —Q ( ^ 4 j ) lAr
H" t .^ * i   ------- -------------------
w -arriA r
^  — I
L \ W —TTuT
- ( 2J - ^  (aj-V-anJw- _ (r7r. ^ [>r ^ +rr) o r
+  e  -+- -^ "  •€- — -e-
w  • — Tur
- e  — ■
S e t t in g
So = 1 + e-7lw -  e"2txw -  e (2 “ -1t)w ,
S. = e-|3w + e O - 2Tt^w _ e- ( TC-3+2a)w  _ e-(w +p-2a)w
= e-(2a~y)w + e(2a-j,-2n)w _ e-(it-Ow _ e-<y+n)w
we see  t h a t  th e  above e q u a tio n  red u ces  to
M(w) = 2  i f 2 .... . . ( 6 .5 .8 )
W SQ( e -  1 )
I t  i s  easy  to  observe t h a t
S0 = { e ^ - 70"  -  1 } (e -2ocw -  1) ,
= { e (2a-n)w  _ x }{ e (p -n -2a)w _ g-p w j ^S
Sp = { e (2a_’t )w -  1 }{ e“ (1t+^ w _ e (^-2a)w  j
and th e  e q u a tio n  ( 6 . 3 . 8 ) th e n  becomes
v 71 e ( P - 1I- 2 a ) w  _  „ - p w  - ( i t + ^ w  _  ( V - 2 a ) w
M(W) = ( e - 7tw _ i ) ( e - 2 a w _ i )  “  •
( 6 .5 .9 )
I t  i s  c l e a r  from (6 .2 .14-) t h a t  ^ = p -  2nQc(^, 0 and 
V -  2a  < 0 . M oreoever, M(w) i s  an even fu n c t io n  o f  w and 
i t  s a t i s f i e s ,  f o r  some ft > 0 ,
IM(w) I < c o n s t a n t .  e~c w i f  Ee w oo
IM(w)l < c o n s ta n t .e 0 w i f  Re w —^ -  oo
Thus we may use  th e  in v e rs io n  fo rm u la  o f th e  F o u r ie r  
i n t e g r a l  o b ta in in g
+00 4* I &
-j P~i W V —
M(v) = ^  \ e  M(w) aw
- 00+ ifT
f o r  any 6" such t h a t  -  1 < (P < 0 .
D e te rm in a tio n  o f  th e  fu n c tio n  m(f-^) o r  m (f)
We f i r s t  w r i te  th e  e q u a tio n  ( 6 .3 .9 )  in  th e  form
M(w)
it ( e- ( ^ - 2noa)w_l } f e -pw+ed - 2a)w ) 
w ( e_2aw- l ) ( e_7Cw- l )
T his can be s im p l i f ie d  i f  it -  2nQa  i s  e i th e r  a m u l t ip le  
2a o r  a m u lt ip le  o f  it. The f i r s t  c a se  im p lie s  t h a t
TCa  = , n  in t e g e r .  We th en  have tc -  2nna  = 2 (n -n n) a
C le a r ly  n  > n  . Thus we can w r i te
-  . it - ( 3 w d  - 2a)w 1_ e- 2 (n -n 0)aw
= w    " g 7 -----  • —  ■- ■ - 2e5T -...e -1  i - e
n y "0-1  e-Pw+e « - 2^ w „ -2r«w
w —W -TUW tr =0 e -1
.e
o r
— n S ryV "1 0-  ( p+2ra )w + 0 {(3-2 (n0+ r+ l) a}w
s  w A -  ---------------------- Ziw z --------------------   •w fTo e ^ - l
Changing n Q + r  + 1 in to  n -  r  in  th e  second term  o f  th e  
above eq u a tio n  we g e t
« « >  -  X  . 5
n -n _ - l
i
w -itw
ommln e- (p + 2roc)w + e (p -2 (n -r)a}w
r =0 " e -1
o r .
n -n  _ -1
M(w)
^  o~ n e- (p + 2ra)w  + e (p+2ra-it)w
  T.T __TTt.Tr =0 w e-Tlw_ i
C le a r ly  0 < p + 2 r a  < it f o r  0 .<: r  ^  n -n  - 1 .  T h ere fo re  
u s in g  ( 6 . 3 . 7) i n  in v e r t in g  th e  above e q u a tio n  we g e t
n -n  -1  o
M(v) = i  l o g [1 {e’"Zj'v - 2 e~^vcos 2 (p+2r a ) + l )  ,
^ r =0
o r ,
n“n o“1
m( f-i) = i  lo g  ( "Jtt " oos 2 (p+2r a ) + l  } .
r =0 f i  V
Henc e
n -n  -1
m (f) = lo g lH ( iP ) l  = i l o g  {"] {■■—jr -  cos 2(£-+2ra)+ l} .
r =0 P P
1 ’ (6 . 3 . 10 )
The second c a s e , i . e .  th e  ca se  when it -  2nQa  i s  a 
m u lt ip le  o f  it, o ccu rs  o n ly  i f  n Q = 0 because  
0 < it -  2nQoc < it. T his case  a r i s e s  on ly  when 2a  > p .
Thus i f  n Q = 0 we have 'j = p and th e r e fo r e  we can  w r i te  
M(w) in  th e  form
n e^w + e (P -2a)w
M ( w )  = w  ~ = ^
-  1
w ith  0 < p < 2 a . U sing ( 6 .3 .7 )  ag a in  we g e t
- 2n -nv — v
M(v) = i l o g  (e  a  -  2 e a  cos + 1 ) ,^ a
o r ,
m C f p  = - I l o g  ( — ^ -  — § 7^  c o s  ^  + i )
' l  ' l
Hence
m (f) = lo g  IH (ip )I
l- ,-_  /• k2Tt//“  rn N
= 2 lo g  ( 72S7£ "  2~W Z  008 a  +
f f
The g e n e ra l case
For more g e n e ra l v a lu e s  o f  a  i t  i s  co n v en ien t to  
w r i te  th e  e q u a tio n  ( 6 . 3 . 9) in  th e  form
M(w)
% e~Vw+ -(2tt-y)w n (e-2n0«w l ) f e Q-it-2K)w+e-Vw) 
w  e - 2 a w _ 1  w  J  ( e - ^ ^ - D C e - ^ - i )  ■ *
( 6 .3 .1 1 )
The second term  on th e  r ig h t-h a n d  s id e  o f  t h i s  e q u a tio n  
can  he s im p l i f ie d  as fo llo w s :
r - 2 i w w '  \  r (p -T r -ju ) i« r  {3--ir-2.(*+!>c}wr
t,£ —  y t 2 •+ e  j_ _  y  ____  4 - ^ __________
7 ? - 1)  ( i  - 1 )  *  —  1
n f \ { f i - T T ~ - 2 ( r ^ - l ) c ( J u r  —  2 ( n r * t) * l ] u r
^  e   - f -  ______________
-  TTt^ r 
V^o ^
h o  ( p> 7T ZV<QW-
TTIa3~
- T T C aT
Y>^ l  I
Hence th e  e q u a tio n  (6 .3 .1 1 )  ta k e s  th e  form
-Vw" ( 1 - u ) u -  «. ( { l -2 Y U -v)« -
~  it- e  -t- -e- V I . 4
M ( y "  Ur' -Zotur tit ~-7rur
*  — i Y—i -e  —  i
C le a r ly  0 < j3 -  2 ra  < ft f o r  1 ^ r  <: n Q and by d e f i n i t i o n  
(6 .2 .1 4 )  V >/ 0 and 0 < 2a -  V < n .  Hence u s in g  th e  
r e s u l t  ( 6 . 3 . 7) as b e fo re  we o b ta in  in  th e  g e n e ra l  ca se
- 2t£v - 2 v n
M(v) = ^ lo s  (e  a  -  2 e a  cos + l )
n  
1 - !
o r ,
Q
-  Jj-log]~f {e”“Zj'v -2 e “"2vcos 2 ( j3 -2 ra )+ l)  ,
-2 tc - 7 1  -v —■v
M(v) = ^ lo g  (e  a  - 2 e a  cos + 1 )
n Q
-  ^ lo g j ]  {e~Zi’v- 2 e""^v cos 2 ((B~2r a ) +-j_ j
s in c e  $ = ■ p -  2nQ a .  T h erefo re
1 ^ ^ 7CRm(f) = log lH (if )  I = ^ log  ( -g jT j  -  2- t j t j  cos -jf  + D
f  f
n o 4 2
— ^ lo g  J | ~^”2£ ” cos 2 (p -2r a )+ l}  .
r = l  r f (6 .3 .12)
I t  can be e a s i ly  shown th a t
111( f )  = as f ^  »
and m (f)/^ >  -  £  lo g  (P /k )  as  ^ 0 ,
7twhere C = — -  2nQ > 0 , and m(-f) i s  in te g ra b le  w ith  r e s p e c t
to  f  over 0 < -f < 00 .
I t  i s  im p o rta n t to  m ention  h e re  t h a t  in  th e s e
c a lc u la t io n s  we have assumed t h a t  y t e ^ 0 , i . e .  k /  a>.
L a te r  we s h a l l  d is c u s s  th e  ca se  when 0 .
R e p re se n ta tio n  o f  th e  fu n c t io n  H(£)
The P o isso n  i n t e g r a l  r e p r e s e n ta t io n  v a l id  in  th e  r i g h t -  
h a l f  p la n e  o f  th e  fu n c tio n  w(z) in  te rm s o f i t s  r e a l  p a r t  
on th e  im ag inary  a x is  i s
- io o
1 C Re wQO ,3^ .
^  = tu IJ  z ’ ’ ^  *
ioo
T h e re fo re , we d e f in e  H (£ ) by th e  r e l a t i o n*4“
- io o
B ,< »  -  ) . ( 4 . 3 .  13)
ioo
i f  Re £ > 0 ,  and s im i la r ly  H_(^) i s  d e f in e d  by th e  same 
fo rm u la  i f  Re  ^ < 0 .  W ritin g  £ = £ + i ^  one can  e a s i ly
show th a t
CO
f o r  £ > 0 - 4- 0 , H+( ^ ) - »  e x p { m ( ^ i  ^  .iC l f l ) .  a.p ) 5
oo
—oo
The fu n c t io n  H (£ ) d e f in e d  in  Re /  > 0  s a t i s f i e s
+
H+( 0  = H+( P  .
By an argum ent s im i la r  to  t h a t  o f  Roseau (1958, p p .4 5 1 ) 
we can  e a s i ly  show t h a t
u n ifo rm ly  w ith  r e s p e c t  to  a rg  £ . S im ila r ly  th e  b e h a v io u r  
o f H (£ ) a t  i n f i n i t y  i s  g iv en  by
The fu n c t io n  H+(£ ) a ls o  s a t i s f i e s  th e  fu n c t io n a l  e q u a tio n
( 6 . 5 . 1 ) and t h i s  can be shown in  e x a c tly  th e  same way as 
has been  shown by Roseau (1958, p p .4 5 2 ) .
Row we tu r n  to  th e  d e f in i t i o n  o f  th e  s o lu t io n  H (^) : 
In  Re £ > 0 ,  we ta k e  H(£) = H+( £ ) ,  and we d e f in e  H(£) 
o u ts id e  t h i s  h a l f - p la n e  by a n a ly t ic  c o n t in u a t io n  a c ro s s
th e  im ag inary  a x is  o o r  o ^ which can be done by th e  h e lp  
o f  th e  fu n c t io n a l  e q u a tio n  ( 6 .5 .1 ) .  A fte rw ard s we o b ta in  
-^C^) by th e  r e l a t i o n
u n ifo rm ly  w ith  r e s p e c t  to  a rg  . A lso
E x p re ss io n  f o r  ca se  a  = ’ 31 3X1 -^n ^ eSe r
In  t h i s  ca se  we have from (6 .3 .1 0 )
=  / * 4  ~  2  AV’ = o L f  j
o r
I f  we in tro d u c e  th e  fu n c tio n
H*(£) [7 ° B ~ i k e1^ +2rcx^ ){^+ ik e““i ^ +2roc^)
-  U  J= •
one can e a s i ly  see t h a t
IH ( i f )  I = exp{m(f )} .
*The fu n c t io n  H($ )/H  (£ ) i s  holom orphic in  He r > 0 ,  w ith o u t 
any ze ro s  o r  p o le s  in  t h i s  h a l f - p la n e ;  i t s  modulus i s  
equa l to  1 on th e  im ag in ary  a x is  and goes to  1 when £ —> °°
o r 0 -uniform ly w ith  r e s p e c t  to  a rg  £ , I a rg  j  I <: tc /2 .
Hence by L io u v i l l e ! s theorem  we have
H (U  = H* ( 0  .
T h u s
H($) = ^ ~n°~1 ( ^ i k e i (  P+ 2ra) ) [ j  +ike~*'( ?+ 2ra) }
r =0
\ ] n C^-ae2 i r a ) ^ +be~2 i r a ) 
r= no+1 f
and hence u s in g  ( 6 .2 .15 ) we g e t
hzCD = i f  (|-ae2i^ ^ +be-2ir^ _ (6>3>w)
r=0 T2
In  th e  l im i t in g  case  when 0
V O -* ( f )k 2n+2
T his shows t h a t  th e  e x p re s s io n  (6 .5 .14-) f o r  i^C ) i s  n o t 
v a l id  as  0 u n le s s  we choose to  he a c o n s ta n t
( fu n c t io n  o f /u. on ly ) m u lt ip le  o f  th e  e x p re s s io n  on th e  
r ig h t-h a n d  s id e  o f  (6 .3 .1 4 -) . S ince  any c o n s ta n t ( r e a l )  
m u lt ip le  o f  (6 .3 .14-) i s  a ls o  a s o lu t io n  o f th e  f u n c t io n a l  
eq u a tio n s  ( 6 .2 .6 )  and ( 6 .2 .7 ) ,  we choose s p e c i f i c a l l y
h2 ( p  = [f (^ -a e 2 i r a j ( ^ b e - 2 i r ^  ( 6 .3 .1 4 ) 1
r=0 k  ^
as th e  s o lu t io n  b ^ ^ )  o f  ( 6 .2 .6 )  and ( 6 .2 .7 )  so t h a t  in  
th e  l i m i t  as ^  ^  O ^ h ^ ^ )  te n d s  to  a  f i n i t e  n o n -zero  
fu n c tio n  o f  £ o n ly . Thus
c U  1 ^ ( 0  = - ^ g  .  ( 6 . 3 . 1 5 )
o £
M oreover, as  ^  0 th e  e q u a tio n s  ( 6 .2 .6 )  and ( 6 .2 .7 )
red u ce  to
e2i<X) . _  ____________
= e , tL2 (5 ) = b2 ($ ) .
It is easy to verify that (6.3.15) satisfies these equations 
when a  = .
The a n a ly t i c  c o n t in u a t io n  o f h ^ ( ^ ) ,  d e f in e d  by 
(6.3.14-)'*' i s  t r i v i a l  and th e  s o lu t io n  i s  a s in g le -v a lu e d  
f u n c t io n .  I t  can be e a s i ly  shown by d i r e c t  c a lc u la t io n s  
t h a t  g iv en  by ( 6 .3 .1 4 - ) \  s a t i s f i e s  th e  fu n c t io n a l
e q u a tio n s  ( 6 .2 .6 )  and ( 6 .2 .7 ) .  M oreover, i t  has no p o le  
as has been  p o in te d  o u t b e f o r e .
TCE x p l i c i t  fo rm u las f o r  H (^) in  th e  q u ad ran ts  < a rg  £ < k
and -  ti < a rg  £ < -  ^  .
For a d e t a i l e d  in v e s t ig a t io n  o f th e  s o lu t io n s  ( x ,y )d
we r e q u ir e  some e x p l i c i t  e x p re s s io n s  f o r  H(£) in  th e  l e f t - '  
haljp p la n e  Re £ < 0 .  F o llow ing  Roseau (1958) we ach iev e
t
th e  a n a ly t ic  c o n t in u a t io n  a c ro s s  o |  o r  o ^  i n  a d i r e c t  
way r a th e r  th a n  u s in g  th e  b a s ic  f u n c t io n a l  e q u a tio n .
In  view  o f (6 .3 .1 2 )  we in tro d u c e  th e  fu n c t io n
= [f0 (* -T3e-2ir(x) a  +be~2ira)((-ae2ira) (Uae2ira)
r=l 4
and we n o t ic e  th a t  i f  P i s  r e a l  th e n
We f i r s t  c o n s id e r  th e  a n a ly t ic  c o n t in u a t io n  a c ro s s
7Co ^ o r  r*r < a rg j-  < 71. S e t t in g
P P7t ±n  271 j7C
^  (6 .3 .1 6 )
one can e a s i ly  v e r i f y  t h a t , when ^ = Re ^  < 0 —* 0 ,
oo
—oo
and hence i t  fo llo w s t h a t  H (£ ), d e f in e d  by ( 6 .3 .1 6 ) ,  i s  
th e  a n a ly t i c  c o n t in u a t io n  o f  H+(£ ) a c ro s s  o ^  .
71The s i n g u l a r i t i e s  o f  H(£) in  th e  q u ad ran t ^  < a rg  £ < ^
may o n ly  be th e  ze ro s  o f  <£(£) which a re  lo c a te d  i n  t h i s
- 2 i r r yq u a d ra n t. In  o th e r  w ords, th e  p o in ts  be may be p o le s
H(£) ,  b u t  th e  same s e t  o f  p o in ts  b e ~ ^ r a  a re  z e ro s  o f  th e  
e x p re s s io n  betw een th e  p a re n th e s e s  i n  ( 6 .3 .1 6 ) .  T h e re fo re  
H(§ ) has no p o le  in  t h i s  q u a d ra n t, as has been  p o in te d  o u t
t
b e f o r e .  The a n a ly t ic  c o n t in u a t io n  a c ro ss  o >£ can  be
7Co b ta in e d  in  a s im i la r  way; f o r  -  m < a rg   ^ < -  ig we have
P PTC -i7C 2 tc -iTC
The fu n c t io n  H (§ ), d e f in e d  by (6 .3 .1 6 )  and ( 6 .3 .1 7 ) ,  a ls o  
s a t i s f y  th e  im p o rta n t p ro p e r ty  th a t
H ( 0  = 1 + 0 ( i  ) as
and
IHCO I ^  C ITT  f  as  ^ 0
u n ifo rm ly  w ith  r e s p e c t  to  a rg  £
From th e  e x p re ss io n s  (6 .3 .1 6 )  and (6 .3 .1 7 )  f o r  H (^) 
we can  say  t h a t  th e  fu n c tio n  H ( p  w i l l  be s in g le -v a lu e d  i f  
th e  v a lu e s  o f  H(£) on th e  two edges o f  th e  s l i t  £ = I^Ie
£ = l^ le ” 171 a re  th e  same, t h a t  i s , i f  th e  e x p re s s io n
P Pn - i n  2n - i n
in
n_Ou £_0C ttQ ■)_ (X CXt k e  ny k e
1  — "  .............—  COS *— j    .I j | n / a  a  j j (2n/a
i s  r e a l  f o r  a l l  I i I . I t  i s  c l e a r  t h a t  t h i s  h o ld s  o n ly  i f
TCa = , n an integer. In this case the function H(£) is
s in g le -v a lu e d ;  m oreover i t  i s  ho lom orph ic , goes to  1 as
k 2n-2n
£ —  ^ oo and behaves like ( jT ) as  ^ 0. Therefore
i t  i s  a r a t i o n a l  f u n c t io n .
On th e  o th e r  hand , i t  has no zero  o r p o le  i n  Re  ^ > 0 ,
and from (6 .3 .1 6 )  and (6 .3 .1 7 )  we see  t h a t ,  in  Re £ < 0 ,  i t
2 ir a  —2irochas no p o le s  b u t  has ze ro s  a t  th e  p o in ts  be , -  ae ,
n - n Q - l ^ r ^ 0 .  C onsequen tly  we have
BCf) .  P _1 a £ ± f h
£
and we a g a in  o b ta in  th e  fo rm u la  (6 .3 .14-) f o r  l ^ ^ ) .
Behaviour of as 0
71Bor a  = , we have d lre a d y  d isc u sse d  t h i s  ca se  and
shown t h a t  an a p p ro p r ia te  c o n s ta n t m u lt ip le  (depend ing  on 
/U- o n ly ) o f  l^ C J) can he chosen as th e  s o lu t io n  o f  th e  
problem  so t h a t  th e  s o lu t io n  behaves p ro p e r ly  as > 0 .
We s h a l l  now show th a t  f o r  g e n e ra l v a lu e s  o f  a  we can a ls o  
choose a s im i la r  c o n s ta n t m u lt ip le  o f  l^C ^) as th e  
a p p ro p r ia te  s o lu t io n  o f th e  p rob lem .
Bor t h i s  pu rpose  we need to  know th e  b eh a v io u r  o f  H(£) 
as /W—y 0 .  To b eg in  w ith  we r e c a l l  th e  fo rm ula
- i o o
H+( p  = exp{ s L L s i l  d z ) i f  E e j  > 0
ioo
and u s in g  (6 .3 .1 2 )  we decompose m (f) in  th e  form  
i(f) = -  S lo g ( f /k )  +mi
7Twhere 6  =  2n andu a  o
i , P itr p 2n/a
ml ( f )  = { 1 -  2 ( -  ^ ) cos *—p + ( ^  ) }
n o
( 1 ~ 2( ^  ) 2cos 2 (j3 -2 ra) + ( ^  ) ^
r = l
We now w r i te
m(f) = if lo g  | | + m2( f )
where n ^ f )  = mi ( f )  -  l l + i ( f / k ) l .  We n o te  t h a t
b o th  te n d  zero  as 0 ,  t h a t  i s ,  as  k —y
Since
-ioo „„1 z+1
r 1 P l0 S \~Z~l 11 ----- ^ r y - 1 dz } = 1 + J  f o r  Ee j  > O ,TCl J  Z -
ioo
w ith  th e  h e lp  o f above decom position  we can e a s i ly  w r i te  
h c p  in  th e  form
1 (^ ":LCO m0 ( I z I ) , e
H+( 0  = exp{ -JJ. J _ _  dz } . (1 + .
ioo ( 6 .5 .1 8 )
T his shows t h a t  when fK.—* 0
H+( P ^  ( J  f
s in c e  n ^ f ) —> 0 asy 1^ —> 0 .  T h ere fo re  u s in g  (6 .2 .1 3 )  we 
see  t h a t  f o r  g e n e ta l  v a lu e s  o f  a
2+I
J  ) ^  as 0 .
T his i s  in  agreem ent w ith  th e  r e s u l t  o b ta in e d  b e fo re  f o r
TZ
th e  ca se  a  = 2E • x t  i! 
th e  e q u a tio n  (6 .2 . 13) by
th e  ca se  a  = ^  • -*-t th e r e fo r e  n e c e s s a ry  to  r e p la c e
h m  1 i f 0 ( ^ -a e 2 i r a ) ( U b e - 2 i r a ) n f n
h2 (?) - Z ^ ' L o  f ?  -m )  *
3 (6 .3 .1 9 )
so t h a t  th e  a p p ro p r ia te  s o lu t io n  behaves p ro p e r ly  as  ^  —y 0
6.4- The s o lu t io n s tJ
From ( 3 .3 .1 ) ,  (3 .3 .4 -) and ( 6 .2 .1 )  we have
where
8 ( 0
We have o b ta in e d  b e fo re  th a t
h0 ( P  = Ap ^  ,
-1  71
B £ a  a s   ^^  0 ,
_ 2 J L
l ^ C p  £ “  as -t _^. 0 ,
where B i s  a c o n s ta n t .  We th e r e fo r e  see t h a t
p 7 t  71____^
g ( p ^ -  c 2a  as £ - *  0
w ith  c = Ap B.
S ince  th e  co n to u r c . ( J  = 1  o r  2) p a s se s  th ro u g h  th etJ71o r ig in  and a  <; ^  , th e  in t e g r a l  ( 6 .4 .1 )  can n o t be
co n v erg en t i f  p < 1 . Thus choosing  p = 1 in  th e  f i r s t
in s ta n c e ,  we see t h a t
71 -  1
g ( P  = 0 ( p 2® ) as  l - >  0 . ( 6 .4 .2 )
S im ila r ly  f o r  la rg e  v a lu e s  o f  ^ th e  b eh av io u r o f g (£ ) i s  
g iv en  by
g ( p  = 0 ( ^ 2+7C/° c ) as £ —v 00 . ( 6 .4 .3 )
He f  . ( z )J
Ee A >*ZK « )
c d
/U. m f -  j  -  i  t
( 6 .4 .1 )
U sing th e  r e p r e s e n ta t io n s  (6 .3 .1 8 )  and (6 .3 .1 9 )  f o r  H (£ )
+
and r e s p e c t iv e ly  we can e a s i ly  show t h a t
g ( j )  = hi ( P  as -yu.—* 0 .
T h ere fo re  when ^ —> 0  , th e  i n t e g r a l  ( 6 .4 .1 )  red u ces  to  th e  
r e s u l t  o b ta in e d  by Roseau (1 9 3 1 ), P e te r s  (1930 , 1932) and 
I sa a c so n  (1 9 5 0 ).
B ehav iour o f  ^ - ( x ,y )  a t  i n f i n i t y  and a t  th e  o r ig in
ti
The b eh av io u r o f  f  . ( z )  as z approaches i n f i n i t y  a lo n gJ
th e  p o s i t iv e  r e a l  a x is  i s  found by s h i f t i n g  c . in to  th e
d
le f t - h a l f t  p la n e  and o b se rv in g  in  view  o f  ( 6 .4 .2 )  t h a t  th e  
r e s id u e  a t  £ = -  i  i s  th e  o n ly  n o n -v an ish in g  q u a n t i ty .
Thus
1 ^ ( x ,y ) r ^ A  Re { 1 \  e~lzl g (e “ l7i://2) } as z = + oo ,
d d
where A i s  a r e a l  n o n -zero  c o n s ta n t and
s e n  = f + n /a  •
On th e  o th e r  hand , we need n o t p a ss  o ver th e  p o le  a t
 ^ = -  i  i f  z approaches i n f i n i t y  a lo n g  any o th e r  r a y  in
th e  w a te r r e g io n , and th e r e f o r e ,  <P.(x.)y ) —^^ 0  a lo n g  a l l
* d
such r a y s .
The b eh a v io u r o f  y^Cx^y) n e a r  th e  s h o r e - l in e  dependsi d
on th e  way in  which g(£ ) behaves as j  —y oo # To s tu d y  
^ • ( ^ ,y )  n e a r  z = 0 i t  i s  s u f f i c i e n t  to  c o n s id e r  th e  
i n t e g r a l s  over th e  segment -  B, -  oo (se e  f ig u r e  8 ) ,  s in c e  
th e  i n t e g r a l s  ta k e n  over th e  c u r v i l i n e a r  p a r t  y i e ld  a
bounded c o n t r ib u t io n  as r \f(x2+y^) 0
OC
W ritin g  g (£ ) = g-^CO + i  g2 ( O  on th e  upper edge o f  
th e  s l i t  we see  t h a t  f o r  th e  s o lu t io n  ^ ( x , y )  we have to  
d is c u s s  th e  i n t e g r a l
—oo
-B
ex  ^ {(M-m j  -1 )  ( cos y j  -  g s in  y£ } gx ({ )  
---------- 7a ZT1T772 2---------------72----------- ----------(/U-m j  - 1 )  j  + £
ds
and f o r  ^ ( ^ y )  we k&ve ^o d is c u s s
r~°° ex/  {(4m2 ,£2- l ) £  cos y{ -  £ s in  y^ } g2 (l )
-B
7— 2“ 2“7 7 2 ” 2-------2"<^m 5 - 1 ) £ + i H
U sing ( 6 .4 .3 )  we see t h a t  on th e  u pper edge o f  th e  s l i t
i . e .  f o r  £ = l£l el7t we have
S l ( * ) ~ l * l 2+Va o o s i  as l£ I
ez (- O r^  m^+Ti/a s in  £  as l£
a f t e r  o m ittin g  a n o n -zero  c o n s ta n t  c o e f f i c i e n t .  I t  i s  
s u f f i c i e n t  f o r  ou r purpose to  in v e s t ig a te  th e  above i n t e g r a l s  
o n ly  when y  = 0 .  Thus c o n s id e r in g  th e  f i r s t  i n t e g r a l  we
see that the dominant term is
2 r-°° £ _ 1
I* ex  ^ ^  g1 ( p d | ^ c o s  ^  ex £ £ a d j
-B
w hich i s  r e a d i ly  seen  to  he
j"  «  .  c0» f . o< ^ , .
-Bx
Thus th e  two s o lu t io n s  ^ ( x ^ y )  and behave l i k e
^ as r  —> 0 .  Hore p r e c i s e ly ,  one of them behave l i k e
— , b u t th e  o th e r  one may have a low er s in g u l a r i t y  when
r  2 2
K r\ n  ^cos — = 0 o r s m  — = 0 .a  a
E x p re ss io n s  f o r  ^ ( x , y )  in  th e  ca se  a  = .
Eor a  = ^  , we u se  ( 6 .2 .8 ) ,  ( 6 .2 .9 )  and ( 6 .3 .1 4 ) 1
w ith  p = 1 (a s  b e fo re )  in  th e  e q u a tio n  ( 6 .4 .1 )  and we g e t
t o o -  3 ^ ’" ’ I
£  / AA-tn 4 —lAr — l s t t  T“1 A . » 2-> W* \ J
'J
— n - \
= > . t
f  ^ n - i V Ti-1
€  f fl Urn j  *Awfo-*W)+fc
J  r i ,  7 '
1 . We f i r s t  c o n s id e r  th e  p a th  C2 w ith  ^  = i .  Then by 
ap p ly in g  Cauchy fs theorem  we g e t
£  f e y  ~  —* % rr t f W -  cvt ^  v ^ o \c U ^  <^t ^
s^\
— >■) -— | 21 .. -h"/ *—■ / $l£oT\ /■ . "v
=  21T 1 -e ^ D(rf) +  ZlT£, 2_-<K/>(j*-e. J  br(j>AJ
6-f
where „ -,
2
G (a )  = I! ( 6 .4 .5 )
O -U *1 1 r\ 0^r = l  1 + e
and h~l
Q ( j  ^ -  f  K ^ ' + ^ + e : )|f ^  -e
= » ^ S
Hence
= [ I i r  £  rr £ t’- ' ^ ( > 4
6*=l ^  _
where G-Q(oc) and G(s,oc) a re  g iven  by ( 6 .4 .5 )  ( 6 .4 .6 ) .
C le a r ly  ^ ( x ^ ) ^ *  A e*^  ( s in  x ,  cos x) as x  *—> oo #
2 . We n e x t c o n s id e r  th e  p a th  c^ w ith  A = 1 .  I t  i s
c o n v e n ien t to  g iv e  s e p a ra te  e x p re s s io n s  f o r  ^ ( x , y )  
acco rd in g  as n  i s  odd o r  even .
( i )  n  odd. In  t h i s  ca se  th e  in te g ra n d  o f ( 6 .4 .4 )  has no
p o le  on th e  n e g a tiv e  r e a l  a x i s .  We may th e r e fo r e  ta k e  th e
t u
p a th s  c , c to  be a long  th e  n e g a tiv e  r e a l  a x i s ,  p ro v id e d  
we in tro d u c e  some s u i t a b le  r e s id u e s  which co rresp o n d  to
I t!
th e  p o le s  p assed  over when c and c a re  s h i f te d  to  th e
r e a l  a x i s .  Tims when n  i s  odd, we g e t
hH
2ir €n^ 'ZQ[d) - i t  f ^111! Y l~ \2- v— \  .
6-  ) < *}±) '  '  
Z.
oO V, —I
r  u  k-i . - *-h -\
<7 *)-V- Z £ v\t- V—----------------------- ------------------------------
nr r* *
n . c  —
4 s ,
t h a t  i s ,
*=> >1-1
— K—1 
+  £ £ .
oc
|1  *■ 4 + ^ ^ ^ + ' )
, = *  ( £ . 4 *
'I’ -a ^  y
where n_3_
a c o  = n  { ^ “ 2 ^2 -  2ky^m2^ s in (p -2 ra ) + £-}
( i i )  n  even. In  t h i s  ca se  th e  in te g ra n d  o f  ( 6 .4 .4 )
has "a p o le  a t  £ = i e in a  = -  1 .  By an argum ent s im i la r  
to  t h a t  o f  Roseau (1 9 5 8 ), we can  e a s i ly  f in d  t h a t
2-
$■=: J
— h —\
^  z e
6 G+ 9  n ^  w -+-'
• 4 ‘ 1
>
The i n t e g r a l s  in  ( 6 .4 .8 )  and ( 6 .4 .9 )  a re  to  he ta k en  in  
th e  sense  o f  Cauchy p r in c ip a l  v a lu e .  I t  can he shown as 
b e fo re  t h a t
>2-
T^Cx,?) r *  as r  = (x '+ y ' J  —>■ 0 ,
r  s
and
^ ^ ( x ,y )  B e ^ (s in  x ,  cos x) as x  oo  ^ B h e in g
a r e a l  c o n s ta n t .
An example
7tThe v e r t i c a l  c l i f f , i . e .  th e  ca se  a  = -  ^ . In  t h i s  
ca se  we have from ( 6 .4 .7 )  and ( 6 .4 .8 )  w ith  n  = 1
^ p ( x ,y )  =  —— e^ cos x  (6 .4 .1 0 )
1 +^ U-m
and —o&
o
O o
 ----- '  )  I > *
y
h-yu*!3" ^*"4-1
(<U ,
The s o lu t io n  (6 .4 .1 1 )  f o r  yZ^(x,y) does n o t ag ree  w ith  
th e  r e s u l t  o b ta in e d  by Packham (1 9 6 8 ).
Chapter 7
7.1 Second choice of the contour of integration
We have n o tic e d  e a r l i e r  th a t  th e  s o lu t io n s  o b ta in ed  in  
th e  p re v io u s  c h a p te r  do n o t in c lu d e  th e  s o lu t io n  o b ta in ed  by
The second type  o f s ta n d in g  wave s o lu t io n s  o b ta in ed  by 
Packham (1968) in  th e  form o f an i n f i n i t e  in te g r a l  a lso  
suggest th a t  th e  in te g ra n d  in  (3» 3*1) may have some p o le s  
on th e  c i r c l e  of ra d iu s  k w ith  c e n tre  a t  £ = 0.
To in v e s t ig a te  f u r th e r  we now choose th e  p a th s  c f and 
c M as fo llo w s: The p a th s  c f and c" have a l l  th e  p r o p e r t ie s  
m entioned in  s e c tio n  3*3* in  a d d i t io n , we impose an e x tra  
co n d itio n  th a t  th e  curved p a r t s  o f c 1 and c" l i e  in s id e  th e  
c i r c l e  o f r a d iu s  k w ith  c e n tre  a t  £ = 0 ( f ig u re  9)* T his 
means th a t  in  t h i s  case none of th e  p o in ts  a ,b ,  - a , - b ,  l i e  
in s id e  th e  con tou r c . . In  view o f th e  ex p re ss io n  {^m > -  ( -  i£.}j   ^ *
in  th e  denom inator o f th e  in te g ra n d  in  ( 513*1 ) we assume 
th a t  th e  in te g ra n d  in  ( 3 *3*1 ) bas a sim ple p o le  a t  £ = a .
Packham (1968) f o r  th e  s p e c ia l  case  T his su g g es ts
Ttth a t  a d i f f e r e n t  c la s s  of s o lu t io n s  may e x is t  when * = K
t
I
t tl
W ith t h i s  ch o ice  o f  th e  p a th s  c and c and th e
assum ption  o f  a d m ittin g  a sim ple  p o le  a t   ^ = a we s h a l l
see l a t e r  t h a t  th e  s i n g u l a r i t i e s  o f  th e  in te g ra n d  in  ( 5 .3 .1 )
Ttn e v e r  c ro s s  c.. on ly  i f  a  = ^  , n  an i n t e g e r .  We th e r e f o r e  
c o n fin e  o u r a t t e n t io n  h e re  to  th e  p a r t i c u l a r  ca se  o f  th e  
s lo p e  an g le  a  = . B efore  p ro ceed in g  f u r th e r  i t  i s
n e c e s s a ry  to  know th e  ze ro s  and p o le s  o f  th e  fu n c t io n  h ( § ) ,  
d e f in e d  by (5 .3 .4 -) .
7 .2  The z e ro s  and p o le s  o f  h ( Q
The assum ption  t h a t  th e  in te g ra n d  in  ( 5 .3 .1 )  h as  a 
sim ple p o le  a t  £ = a i s  e q u iv a le n t to  say in g  t h a t  h (£ ) h as
n e i th e r  a  ze ro  n o r  a  p o le  a t  £ = a .  As i n  ( 6 .2 .1 )  th e  
fu n c t io n  h (£ )  i s  th e n  s p l i t  in to  th r e e  fu n c tio n s  hQ( § ) ,  
h ^ ( 0  and 1 ^ ( 0  such t h a t  th e y  s a t i s f y  th e  same s e t  o f  
e q u a tio n s  ( 6 .2 .2 )  -  ( 6 .2 .7 ) .  I t  th e n  fo llo w s  from  th e  
above assum ption  t h a t  th e  p o in t  a  i s  n e i th e r  a ze ro  n o r  a 
p o le  o f  ) •
From ( 6 .2 .8 )  th e  fu n c t io n  iiQ($) i s  th e n  g iv en  by
h 0 ($ ) = Ap ^ 2np ( 7 .2 .1 )
and th e  fu n c t io n  h ^ ( p  i s  s t i l l  g iv en  by ( 6 .2 .9 ) .
P o le s  o f  )
To s tu d y  th e  p o le s  o f  l ^ ^ )  we r e c a l l  th e  e q u a tio n  
( 6 .2 .6 )  w r i t te n  down in  th e  form
($ +a) ( ( +b ) h 2 ( j e 2 i a ) = a - a e ^ G - b e -2 1 ' * ) ^ )
(7 .2 .2)
and th e  c o n d it io n
h2 (a )  £ 0 , oo (7 .2 .3 )
\o
P u t t in g  £ = ae- 2 '*'06 in  ( 7 .2 .2 )  i f  a  < ^  , i t  fo llo w s  from  
( 7 .2 .3 )  t h a t  h2 (ae"’2 '*’a ) = oo . Thus th e  p o in t  a e ~ ^ a  i s  a 
sim ple  p o le  o f  h ^ ^ ) .
We r e p e a t  t h i s  p ro c e s s  w ith  £ = ae*”^ 100 i f  a  < |  and 
we s t i l l  g e t  h2 (ae  ;  = oo . C o n tinu ing  t h i s  p ro c e s s  we 
f in d  t h a t  th e  fu n c tio n  h2 (£ ) has sim ple p o le s  a t  th e  p o in ts
_2inr  1^ iryae , ae , . . .  . D uring t h i s  p ro c e s s  we m igh t have 
ae~ 2 iq a  = -  ^ f o r  some in te g e r  q . This h o ld s  o n ly  i f  
it -  2{3 = 2 q a . In  t h i s  case  th e  p o in t  a e * " ^ ^ " ’’^ ( q > l )  i s  
s t i l l  a  p o le  o f  h2 ( ^ ) ,  h u t  from ( 7 .2 .2 )  i t  fo llo w s  t h a t  
th e  p o in t  ae"’2'*'(^ cx = -  h i s  no lo n g e r  a p o le  o f  h2 ( j ) .  Thus 
when tc -  2p = 2qa , th e  fu n c t io n  h2 ( p  h as  ( q - l )  d i s t i n c t  
p o le s  a t  th e  p o in ts  ae~’^ oc, a e ""^ a , . . .  , ae~ ^^^""^^a  = -b e 2"**00. 
I f  n -  2(3 = 2 a , ^ ( J )  has no p o le .  The ca se  tc -  2(3 = 2qa
TCcan a r i s e  on ly  when a  < ^  , i . e .  when n >>4.
I f  n -  2p /  2qa , th e  p o in ts  ae“2q-i a , ae“2 i ( (l+1)oc9 ### 9 
ae~2^^n’”^ ^0C = - a e 2’*'00 a re  s t i l l  p o le s  o f  h2 ( ^ ) .  N ext
p u t t in g   ^ = -  a  in  ( 7 .2 .2 )  and u s in g  th e  p re v io u s  r e s u l t  
we f in d  t h a t  h2 ( - a )  /  0 ,  oo . Thus when tz -  2(3 ^ 2 q a , th e  
fu n c t io n  h2 (£ ) has ( n - l )  d i s t i n c t  p o le s  a t  th e  p o in ts  
ae-2101, a e "4 i a , , ae"21^ " 1^  = -  ae2 io t.
P in a l ly ,  i f  tt -  2p = 2 q a , h2 C£) has o n ly  th e  ( q - l )  
d i s t i n c t  p o le s  m entioned above, h u t  i f  -  2p /  2q$ , th e n ,  
in  view  o f  ( 6 .2 .7 ) ,  h2 ( 0  has a n o th e r  s e t  o f  ( n - l )  d i s t i n c t  
p o le s  a t  th e  co n ju g a te  p o in ts  -  be2 '*’00, -  b e ^ ° ° , . . .  , b e”’2 '*’00,
71 TZand no p o le  o u ts id e  th e  re g io n  -  -  (3 + 2 a  a rg  $ <: 4? + p -
Thus we see t h a t  h ^ ^ )  has no p o le  in s id e  th e  re g io n
tz -  2a  a rg  £ <C -  tz + 2a  and t h i s  i s  n e c e s s a ry  in  o rd e r
to  s a t i s f y  th e  c o n d itio n  t h a t  when r o t a t i n g  c . to  T and
d d
b ack , no p o le  o f  th e  in te g ra n d  in  ( 5 .3 .1 )  i s  p a ssed  o v e r .
Z eros o f  1 ^ (5 )
In  o rd e r  to  in v e s t ig a te  th e  z e ro s  o f  h2 (^ )  we a g a in  go 
b ack  to  th e  e q u a tio n  ( 7 .2 .2 )  and th e  c o n d itio n  ( 7 .2 .3 ) .  
P u t t in g  £ = a in  ( 7 .2 .2 )  i t  fo llo w s  from ( 7 .2 .3 )  t h a t
h2 (a e 2^°°) /  0 ,  a> 9 p ro v id ed  th a t  a  /  be’”2 '*'00. But
—2 i a  • • •a = be , im p lie s  a  = P which i s  n o t p e rm is s ib le  s in c e
a  = ^  and ^  < P < ^  . Thus th e  p o in ts  a ,  ae2"*"00, a e ^ 00, . . .
mbO *^ Af m 71 *7 A/
and t h e i r  c o n ju g a te s  -  b ,  -  be , -  be , . . .  a re  n o t 
z e ro s  o r  p o le s  o f  h2 ( ^ ) .
I n  th e  d is c u s s io n  o f p o le s  o f  h2 ( J )  we have seen  t h a t  
i f  -  2p ^  2 q a , th e n  h2 ( - a )  /  0 ,  oo . Hence th e  p o in ts
—2 l a  • 2 l a-  a ,  -  ae , . . .  and t h e i r  c o n ju g a te s  b ,  be , . . .
canno t be ze ro s  o r  p o le s  o f  h2 ( ^ ) .  T h ere fo re  we co n c lu d e
t h a t  in  th e  ca se  rc -  2p /  2 q a , ^ ( O  ^as no z e ro s *
S econd ly , i f  tc -  2p = 2 q a , we have n o te d  e a r l i e r  t h a t
( - a e 2"*"00) /  0 , oo . Then p u t t in g   ^ = -  a  in  ( 7 .2 .2 )  we
f in d  t h a t  ^ C - a )  = 0 .  Thus th e  p o in t  -  a  i s  a sim ple  
ze ro  o f  h ^ f ) .  P ro ceed in g  f u r th e r  in  th e  same way as
—P ") (y
b e fo re  we see  t h a t  th e  p o in ts  -  a ,  -  ae , . . .  ,
-  ae "^ ig -oc = b a re  (q+1) sim ple  ze ro s  o f  hgCO and h g ^ )  
h as  no o th e r  z e ro s .
E x p re ss io n s  f o r  hgO )
We f i r s t  c o n s id e r  th e  ca se  tc -  2(3 /  2 q a . In  view  
o f th e  p o le s  and ze ro s  o f  d is c u s se d  above, we
in tro d u c e  a new unknown fu n c t io n  by s e t t i n g
n - l  2
r = l  /*m2 ( j - a e “2 i ^ )  (f +be2ir<x) ’ ^  5 *
3 ( 7 .2 .4 )
Then we have
e2 ia ) ( ^ ae- 2 i a ) a _be- 2 i a ) H ^ e 2^ )
V p  = ---------Q'+aJit'+V5—  • ' - m - q - j -
and i t  fo llo w s  from  ( 6 .2 .6 )  and ( 6 .2 .7 )  t h a t  B ^ ^ )  h as  to
s a t i s f y
H 2((e2 i a ) = H2 ( 0  ( 7 .2 .5 )
and
H ^ )  = H2 ( p  . ( 7 .2 .6 )
I t  a ls o  fo llo w s from th e  known p r o p e r t i e s  o f  t h a t
IL>(£), d e f in e d  by (7 .2 .4 -) , i s  r e g u la r  everyw here and has 
no ze ro s  o r  p o le s .  Hence th e  o n ly  p o s s ib le  s o lu t io n  o f 
( 7 .2 .5 )  and ( 7 .2 .6 )  i s
H g ^ )  = a r e a l  c o n s ta n t
w hich we choose to  he u n i ty .  T h e re fo re , when 
ti -  2(3 /  2qoc, th e  fu n c t io n  h^ ( f )  i s  g iven  by
h2^ ) = r = l ^ m ^ - a e " 21^ ) (( +b e2 i r a ) '  ( 7 ' 2 ' ? )
By a s im i la r  argum ent i t  can be e a s i ly  shown t h a t  i f  
t i - 2p = 2qoc, th e n  i s  g iv en  by
ar
2 fl ( ^ a e “2 i r a )
h2 ( p  =    . ( 7 .2 .8 )
i  n  G - a e " 21™ )
r = l
7 .3  The s o lu t io n s  t  ( x ,y )-J
The case  it -  2B /  2 q q . S u b s t i tu t in g  th e  v a lu e s  o f  
hQ( ? ) ,  &]_(£) and h2 ( f )  from ( 7 .2 .1 ) ,  ( 6 .2 .9 )  and ( 7 .2 .7 )  
r e s p e c t iv e ly ,  in to  th e  e q u a tio n  ( 6 .4 .1 )  we g e t
 ^ v  - 1
rt „--------  . — -------------------------------- --
S in ce  th e  co n to u r c . ( j  = 1 o r  2 ) p a s se s  th ro u g h  th e  o r ig ind
th e  above i n t e g r a l  i s  co n v erg en t i f  p > ,1 .  Choosing p = - 1 ,
T his i n t e g r a l  l i k e  th e  e q u iv a le n t one in  C hap ter 6 red u ces  
to  t h a t  o f  Roseau (1951) i f  we p u t yu, = 0 .
1 . As b e f o r e ,  we f i r s t  c o n s id e r  th e  p a th  C2 w ith  = i .
By Cauchy’ s theorem  we g e t
I r ■ 21 ^  1
l ^ l 1 ^  - f  a /  s f r - j ) c ( } _ _ _ _ _ _ _ _ _ _ _ _ _
i^ i 1fxrr'\e7'~~+ 2tK/*V'-£2l5<V  ^ l ) f  C^ 'O
1 7 • 3 .  2 )
where
n C* -  e  J i - r *
Y-oy -£= 5
■ (> . 3  • 3 ^
In  o rd e r  to  in v e s t ig a te  th e  b eh av io u r o f  r j ( x ,y )  a s  x —> °° ,
i t  i s  co n v en ien t to  s p l i t  th e  sum in  ( 7 .3 .2 )  in to  two p a r t s  
and we g e t  a f t e r  some s im p l i f ic a t io n
n-i
-  1 - 0 0
"  ( 7 - 3 - 0
where
ym
k  c o  ”  n  [ ( , + ^  1 , + ^  k/u-'n^  ^  [p*  iT,^ i
■p=t
and
F  0 * 9 ( 7. 3< 0
C7. 3 . 0
<b(x,)))r, z n R i j .  *- —
y [ ( L + w ^ W
5U K^ Vfr\V 2-!^. , ~€- Jinn  ^fi 4 1.
  ip j» &t £tl ZLyZcL
f w = 1  +  «■-*•
1-
C le a r ly ,  ^ ( x ^ )  Aey ( s in  x ,  cos x ) as x*-»- °o .
2 .  We n e x t c o n s id e r  th e  p a th  c1 w ith  = 1 . We g iv e  
s e p a ra te  e x p re s s io n s  f o r  4 q (x ,y )  acco rd in g  as n i s  odd 
o r  even .
( i )  n  odd . In  t h i s  case  th e  in te g ra n d  in  ( 7 .3 .1 )  has no 
p o le  on th e  n e g a tiv e  r e a l  a x i s .  As b e f o r e ,  we may
■ I N  nth e r e fo r e  ta k e  th e  p a th s  c , c to  be th e  n e g a tiv e  r e a l  
a x i s ,  p ro v id ed  we in tro d u c e  some s u i t a b le  r e s id u e s  w hich
i u
co rresp o n d  to  th e  p o le s  p assed  o ver when c and c a re  
s h i f t e d  to  th e  r e a l  a x i s .  Thus when n  i s  odd, we g e t
= 2.TT rr +  M E -  I  'W fc  £ O  a)
”r 7 .(i+wW ) s=»!+i/ ’
— oOr
4-
Y’— O
t h a t  i s ,  
<£>(*/)) =  2 ^ .
— C>£
(1 + 3 ^ 0  P(f9
£ I O O "  l) £ &rs |
r> -  o O3 - 7  ’
where Eo (ot) and E ( s ,a )  a re  g iv en  by ( 7 .3 .5 )  and ( 7 .3 .6 ) .
( i i )  n  even . In  t h i s  ca se  th e  in te g ra n d  in  ( 7 .3 .1 )  h as  
a p o le  a t  £ = i e 1Ila = -  1 and as b e fo re  we g e t
<j>(xjb) = 2.TT&.
_ , - a
l -e
+ l ( h
'— c < >
.  ?f -e
J7777LZW.------------------- —«. _ -----------
0 (^+ y  J"j ( p t ^  ^  2v»d ~^ )) |] v^n |(S+^re^+w
( _ 7 - 3 .^
I t  can be e a s i ly  shown, as b e fo r e ,  t h a t  i f  ^  /  0 ,  
rem ains bounded as ( x , y ) — 0 .
The ca se  it ■ 2B = 2 q g . In  t h i s  case  we h av e , as  b e f o r e ,
%SX n ' / -AW *j
J (TV1
J Y —\ Y-\
A
— 2.\ Yc*.
CL^
I .
S in ce  c . p a s se s  th ro u g h  th e  o r ig in ,  th e  above i n t e g r a l  i s  
0
co n v erg en t i f  p ^ 0 .  Thus choosing  p = 0 , we have
f.M  -  >;
AM n' [ t *•-> v= o Cl
C.
j] 'a _ i l ' vi)  n^'V
^  v - l
(X. JL.a'lY ol
(7- 3. t )
As b e fo re  by ap p ly in g  C auchy 's theorem , we g e t
n-i
t ( * L =  - * ’ R . l £| +  3/ a A  5=|
V L
Y~t T*=1
( J 7 - 3 .  I * )
(7.3.19
( 7 . 3 .U J
The e x p re s s io n  f o r  < j^(x ,y ) can he o b ta in e d  s im i la r ly  
and th e  r e s u l t  i s  g iv en  by th e  fo llo w in g  e x p re s s io n s :
( i )  n  odd, q odd. The in te g ra n d  in  ( 7 .3 .9 )  has no p o le  
o r  zero  on th e  r e a l  a x i s .  T h e re fo re , as b e fo re ,  by s h i f t i n g
th e  p a th s  c , c a long  th e  n e g a tiv e  r e a l  a x i s ,  we g e t
ti-i
2. ~\'z~— cMrn
/ -f- 3/u.YT)
-f-2.
H0&+1 (Xr X ) HM
v ^ i  ^ n i ' /
flJl.PfcO
J sw,a^+|) p]
Y -
f
I— I
d
where
P ( r ,  f ) = { £ 2+2k£ sin((3+2roc)+k2 }
l5 ,
(_7 - 3.»s)
( 7 .3 .1 4 )
Q (r,  ^ ) = ( \  2-2 k   ^ s in (p + 2 ra )+ k 2 } ( 7 .3 .1 5 )
and H (a )  and H (s ,a )  a re  g iv en  by (7 .3 .1 1 )  and ( 7 .3 .1 2 )  
r e s p e c t iv e ly .
( i i )  n  odd, q even . In  t h i s  c a se  th e  in te g ra n d  in
( 7 .3 .9 )  has a p o le  a t  £ = k and a zero  a t  £ = -  k , b u t  
th e y  l i e  o u ts id e  th e  co n to u r o f  i n t e g r a t i o n .  Hence
<{>(*,») =  HoB) +  cf Y .2~ Y L  'W K iJA 'i’9 H ( 4' ^
I L / - f  3/UT)) A  S -l M-l
2. 2.
4 -2 .NO A V^«—I . fl. A
(7- 3 . ) 0
where P ( r ,  £ ) and Q (r,  ^ ) a re  g iven  by (7 .3 .14-) and (7 .3 .1 5 )  
r e s p e c t iv e ly .
( i i i )  n  even, q odd. In  t h i s  ca se  th e  in te g ra n d  in
( 7 .3 .9 )  h as  a  p o le  a t  £ = i e incx = -  1 and hence 4]_(x,y) 
i s  g iv en  by
Ik*
4s(*,0 -  2tt ■*"1 ^y L l + 3 ^ 2- ^ n + w
<1-1
z.
_J  ■ &  A ^ " ‘i 4 ) s ^ y ^ » n } n , , p f r 'i )  . 
M  i t  ( Sl+ y < i , ^ +j)  A  A '
"" v»-1
(? • * • »  79
( iv )  n  even, q even . I n  t h i s  c a s e , as  b e fo r e ,
i s  g iv en  by
cf>(x,v) = 2Trj^ J—k lA  H«0O_\-t(P— ^ J)}{(i'd)
TI L '  IX .  + 3 ^ !L ■ V s =I c -  n + 2 - '
t 2- V\ —|
4  £14 /^w 5-H
^  h-l
'U T-2-
( ^  e *  T { C ^ T - 9 [ T .  f fo*)  .
J r 7(i-AjMt!-") if 6+h^ A  itA
Y=0
(7*3.\«
I t  i s  easy  to  show th a t  in  a l l  th e s e  c a se s  th e  s o lu t io n  
^ ( s ^ y )  te n d s  to  i n f i n i t y  lo g a r i th m ic a l ly  as  ( x ,y )  —y 0 .
Examples
1 . a  = -g . Prom (7 .3 .4 -) and ( 7 .3 .7 )  we have when n  = 1
< k ( _ * / > ) -  a j r ^ C o ^
14- 3^Yn ^  ^ ^x)^7'
and
4 , 4 9
f  00
a i r © f i i ! l  V z L - e -  j
l+ 3 /.vnV  o
2 . ^ 4  j, [" ^ 4 0 w4 ' :0 i i:® 4 - £ -  S4, |  1
.2-,2- A2- 0. )
C — iCc
1-4 7- ~p) 4 - 1
These a re  id e n t i c a l  to  th e  r e s u l t s  o b ta in e d  by Packham (1968)
2 . a  = 2£ . Por n  = 2 we have from  ( 7 .3 .4 )  and ( 7 .3 .8 )
, p  r -e ‘lZ L ^  Ce~1 + 4 4 )
Li^ + z" L 4
( 7 -3 .1 l )
and
( t C a S l L + i !  i > ' ^ )
i L } '  ( V + 3 /W - )  0 - ^ - 4
4 -  2-
e*2'
t  XX \ ( > m  ^ a L ^  ^
J (j+f+i+9{
(7.3, 2 p
t p J
where £ = 1 -yWm . The e x p re s s io n  (7 .3 .1 9 )  f o r  rgO 2 ^ )  
red u ces  to  th e  r e s u l t  o b ta in e d  by S to k e r  (1947) when we p u t  
p<- = 0 .  Prom (7 .3 .2 0 )  we have a lo n g  th e  f r e e  s u r fa c e  w ith
h  = 0 »
(p (yt-j cty *=• TT "X4- ^ in . -— %. cA
O 534 ^ V ^ 4 I
i r ^ c w t + ^ v . ^  — [ { x - g : ^^*-vA 20 4" C crS  X ^
Hr* 4L t-L (p)
This i s  i d e n t i c a l  to  th e  r e s u l t  o b ta in e d  by S to k e r  (1947)
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